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CALABI–YAU QUOTIENTS OF HYPERKA¨HLER FOUR-FOLDS
CHIARA CAMERE, ALICE GARBAGNATI, AND GIOVANNI MONGARDI
Abstract. The aim of this paper is to construct Calabi–Yau 4-folds as crepant
resolutions of the quotients of a hyperka¨hler 4-fold X by a non symplectic in-
volution α. We first compute the Hodge numbers of a Calabi–Yau constructed
in this way in a general setting and then we apply the results to several specific
examples of non symplectic involutions, producing Calabi–Yau 4-folds with dif-
ferent Hodge diamonds. Then we restrict ourselves to the case where X is the
Hilbert scheme of two points on a K3 surface S and the involution α is induced
by a non symplectic involution on the K3 surface. In this case we compare the
Calabi–Yau 4-fold YS , which is the crepant resolution of X/α, with the Calabi–
Yau 4-fold ZS , constructed from S through the Borcea–Voisin construction.
We give several explicit geometrical examples of both these Calabi–Yau 4-folds
describing maps related to interesting linear systems as well as a rational 2 : 1
map from ZS to YS .
1. Introduction
By the famous decomposition theorem of Beauville [3] and Bogomolov [5], the
Ricci flat varieties decompose, after an e´tale cover, into the product of three funda-
mental building blocks: Abelian varieties, hyperka¨hler manifolds and Calabi–Yau
manifolds. The aim of this paper is to construct a relation between two of these
blocks in dimension 4, indeed our starting point is the observation that the presence
of a non symplectic involution α on a hyperka¨hler 4-fold X allows one to construct
a Calabi–Yau 4-fold as crepant resolution X˜/α of the quotient X/α.
We observe that several quotients of hyperka¨hler varieties have been deeply inves-
tigated both in the case of symplectic and non symplectic actions and in particular
in low dimension. In dimension 2, Calabi–Yau varieties and hyperka¨hler varieties
collapse to the same class of surfaces, the K3 surfaces. In the case of automor-
phisms acting on K3 surfaces, it is well-known that the quotient by a symplectic
automorphism gives, after a minimal resolution, again a K3 surface. This is known
not to be the case in general for higher dimensional hyperka¨hler manifolds; indeed,
given a hyperka¨hler variety with a symplectic automorphism α, there is in general
no resolution of X/σ where the natural quotient symplectic form on the smooth
locus is preserved, and partial resolutions give singular irreducible holomorphic
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symplectic manifolds (see for example [22]). Up to now, the only known case where
a symplectic resolution of the quotient exists is described in [32]. So generically, the
quotient of a hyperka¨hler variety by a finite automorphism does not produce a hy-
perka¨hler variety, but, as we noticed above, it can produce, under some conditions,
a Calabi–Yau variety and this is the main topic of this paper.
In Section 3 we consider the quotients of a hyperka¨hler variety X , of dimension
2n, by a finite automorphism α, of prime order p. We ask when it is possible to
obtain a quotient X/α which has trivial canonical bundle and when it is possible to
construct a crepant resolution of X/α by blowing up its singular locus. The main
result of this section is Theorem 3.7, where we state that the good candidates are
hyperka¨hler varieties of dimension 2p which admit a non symplectic automorphism
of order p. We also observe that there is a condition on the dimension of the compo-
nents of the fixed locus, which has to be p. This condition automatically excludes
the natural non symplectic automorphisms of order p on S[p] unless p = 2. This
is one of the motivations for our attention to the case p = 2. So we restrict our
attention to hyperka¨hler variety of dimension 4 admitting non symplectic involu-
tions. The study of non symplectic involutions on hyperka¨hler variety is the topic
of several papers: in [4] a topological classification is given, in [7] and [36] a lattice
theoretical classification of automorphisms on two different type of hyperka¨hler 4-
folds is presented with many explicit examples. Other explicit examples are given
in [40] and [20], [37], [45], [29].
All these works provide a large set of explicit examples of non symplectic in-
volutions α defined on hyperka¨hler 4-folds X , and thus one is able to effectively
construct Calabi–Yau 4-folds as quotients.
In Section 4 we consider a hyperka¨hler 4-fold X with a non symplectic involution
α, and we observe that a crepant resolution of X/α is simply given by blowing up
the singular locus. If one knows the action of the non symplectic involution α both
on the cohomology of X and on X (more precisely if one knows the topology of the
fixed locus of α on X), one is able to compute the Hodge numbers of the Calabi–
Yau X˜/α. This is done in the general context in Theorem 4.1 and in some specific
examples in Section 4.3.1, Proposition 4.4 and Section 4.3.3.
Then in Section 5 we restrict ourselves to some of the best known hyperka¨hler
4-folds: denoted by S a K3 surface, the Hilbert scheme of two points of S, S[2], is
a hyperka¨hler 4-fold. The 4-fold S[2] is the blow up of (S × S) /σ in its singular
locus, where σ ∈ Aut(S×S) is the automorphism switching the two copies of S. If
S admits a non symplectic involution ιS , then the involution ιS × ιS ∈ Aut(S × S)
induces a non symplectic involution on S[2], denoted by ι
[2]
S and is called the natural
non symplectic involution of (S, ιS). By the construction described above this
allows one to produce Calabi–Yau 4-folds, denoted by YS , as crepant resolutions of
S[2]/ι
[2]
S and to compute their Hodge numbers which depend only on the topological
properties of the fixed locus of ιS on S, as shown in Theorem 5.1. Since it is quite a
natural question, we have to remark here that neither the mirror symmetry at the
level of the K3 surface S nor the lattice theoretic mirror symmetry at the level of
the hyperka¨hler 4-fold S[2] produces a Calabi–Yau 4-fold which is mirror symmetric
to YS (see Section 5.6).
Essentially, we produce a Calabi–Yau 4-fold, YS , by the data (S, ιS), where S is
a K3 surface and ιS is a non symplectic involution acting on it. On the other hand,
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there is a very well known and natural way to produce a (different) Calabi–Yau 4-
fold starting from these data, which is the Borcea–Voisin construction, cf. [13] and
[17]. This construction is recalled in Section 5.2 and reduces in our case to the blow
up of (S × S)/(ιS × ιS) in its singular locus, producing another smooth Calabi–
Yau 4-fold, denoted in the sequel by ZS . By our construction, one immediately
finds that there is a 2 : 1 rational map ZS 99K YS , indeed YS is birational to
(S × S) /〈σ, ιS × ιS〉 and ZS is birational to (S × S) /〈ιS × ιS〉, so the covering
involution of the 2 : 1 map ZS 99K YS is induced on ZS by the action of σ on S×S,
as shown in Section 5.3. So we prove that YS is a Calabi–Yau 4-fold which is 2:1
covered both by a hyperka¨hler 4-fold and by a Calabi–Yau 4-fold and in fact it has a
bidouble cover which is S×S. Since the construction of YS is quite explicit, we are
also able to describe a Q-basis of its Picard lattice and to identify two 2-divisible
divisors: one which is associated to the double cover S˜[2] → YS where S˜[2] is the
blow up of S[2] in the fixed locus of ι
[2]
S ; the other is associated to the rational
double cover ZS 99K YZ . This is done in Section 5.5.
In order to better describe the varieties constructed, we observe that by our
assumptions the group generated by σ ∈ Aut(S × S) and by ιS × id ∈ Aut(S × S)
acts on S × S and is isomorphic to the dihedral group of order 8. In Section 6 we
describe the quotients of S × S by subgroups of this group. Let W be the surface
S/ιS and let (S × S) /〈σ, ιS × id〉 be W
(2) (where W (2) is the quotient of W ×W
by the automorphism which switches the two pairs of W ). So the 4-folds YS and
ZS are birational to (possibly singular) 4-folds which are respectively 2 : 1 and
22 : 1 covers of W (2). The 4-fold (S × S) /〈σ, ιS × ιS〉 is by construction birational
to YS and it is also birational to the blow up, Z˜S/σZ , of ZS/σZ in its singular
locus. We will prove that the 4-folds YS and Z˜S/σZ are isomorphic (and not only
birational) if the involution ιS is free on S. When ιS fixes exactly one curve on S,
(S × S) /〈σ, ιS×ιS〉 is singular along three surfaces meeting transversally in a curve
and the 4-folds YS and Z˜S/σZ are obtained by blowing up these singular surfaces
in a different order.
In Section 7 we give a detailed geometric descriptions of YS , ZS and S
[2] and of
linear systems on them, under some conditions on (S, ιS). Indeed, we first explain
how to compute the dimension of certain linear systems induced on these varieties by
nef and big divisors on S in Theorem 7.5, and then we explicitly describe projective
models associated to certain linear systems. In particular, we show that if S is a
2 : 1 cover of P2, YS is a 2 : 1 cover of (P2)(2) embedded in P5 and ZS is a 2 : 1
cover of P2 × P2 embedded in P8 by the Segre embedding, see Proposition 7.8.
If S admits a genus 1 fibration, then S[2] admits a Lagrangian fibration whose
smooth fibers are Abelian surfaces At (generically isomorphic to a product of two
elliptic curves), ZS and YS admit fibrations whose fibers are the Kummer surfaces
of the Abelian surfaces At. Moreover ZS has an elliptic fibration and a fibration in
Calabi–Yau 3-folds of Borcea–Voisin type, see Propositions 7.10, 7.11, 7.13.
Acknowledgements. The authors would like to thank Prof. Bert van Geemen
for interesting discussions and for his precious comments on a preliminary version
of this paper, and Prof. Keiji Oguiso for an interesting and useful discussion.
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2. Preliminaries
In this Section we collect some known results which are useful in the sequel.
Definition 2.1. Le Y be a smooth compact Ka¨hler manifold of dimension n. Then
Y is called Calabi–Yau variety if
• The canonical bundle of Y is trivial and
• hi,0(Y ) = 0 for every i = 1, . . . , n− 1.
We underline that we do not require a Calabi–Yau variety to be simply connected.
Definition 2.2. Let X be a smooth compact Ka¨hler manifold. Then X is called
hyperka¨hler variety or, equivalently, IHS variety if
• X is simply connected
• H2,0(X) = CωX, where ωX is a symplectic form.
We observe that the existence of a symplectic form on a hyperka¨hler variety X
implies that the canonical bundle of X is trivial and the complex dimension of X
is even.
Fundamental examples of hyperka¨hler manifolds were discovered by Beauville
[3]: he produced two families of hyperka¨hler manifolds in every even dimension
and they are constructed as follows. Let S be a K3 surface and let S[n] denote
the Hilbert scheme of length n zero dimensional subschemes of S. Then S[n] is a
resolution of the n-th symmetric product S(n) and it has a unique symplectic form.
Ka¨hler deformations of S[n] are called manifolds of K3[n] type. Similarly, if A is an
Abelian surface, A[n+1] has a symplectic form and a fibre Kn(A) of the Albanese
map is hyperka¨hler and is called a generalized Kummer manifold.
The existence of a symplectic form provides a canonically defined quadratic
form on the second cohomology of hyperka¨hler manifolds, which is given in terms
of the top self intersection of divisors. This form is usually called the Beauville–
Bogomolov–Fujiki form and gives a lattice structure to the second integral coho-
mology. In the above two examples, the lattices are the following:
H2(S[n],Z) ∼= H2(S,Z)⊕ Zδ ∼= U3 ⊕ E8(−1)
2 ⊕ (−2n+ 2),
H2(Kn(A),Z) ∼= H
2(A,Z) ⊕ Zδ ∼= U3 ⊕ (−2n− 2),
where 2δ is the class of the exceptional divisor of the map S[n] → S(n) or of the
Albanese fibre of the A[n+1] → A(n+1), respectively.
In the following we will concentrate ourselves on 4-dimensional hyperka¨hler va-
rieties so we fix here some useful notation. By construction, S[2] is the blow up of
the singular quotient of S × S by the map which switches the two factors.
Definition 2.3. We denote by σ ∈ Aut(S×S) the map σ : (p, q) 7→ (q, p), for each
(p, q) ∈ S × S, i.e. σ is the map that switches the two factors in S × S.
If g is an automorphism of a K3 surface S (resp. an Abelian surface A), then
g×g ∈ Aut(S×S) (resp. g×g×g ∈ Aut(A×A×A)) induces a unique automorphism
on S[2] (resp. K2(A)), called natural automorphism induced by g.
The natural automorphism of S[2] induced by g is denoted by g[2].
We denote by ιS a non symplectic involution on S and thus by ι
[2]
S the natural
non symplectic involution induced by ιS on S
[2].
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3. Quotients of hyperka¨hler varieties by automorphisms
In the following we will consider quotients of hyperka¨hler varieties by certain
finite automorphisms and crepant resolutions of these quotients. The main the-
orem of this section is that there exists a crepant resolution of the quotient of a
hyperka¨hler variety of dimension 2p by a non symplectic automorphism of prime
order p whenever the fixed locus is pure of dimension p; this hypothesis is surely
satisfied for non symplectic involutions on hyperka¨hler 4-folds. First we recall some
basic definitions and known results.
Definition 3.1. Let V be smooth variety of dimension m and let α ∈ Aut(V ) be
an automorphism of order p with a non-empty fixed locus.
We denote by A be the matrix which linearizes α near a component C of its fixed
locus and let (ζa1p , . . . ζ
am
p ), with 0 ≤ ai < p, be its eigenvalues.
The age of α near C is defined as (
∑m
i=1 ai)/p.
Proposition 3.2. (see for example [30, Theorem 6.4.3 and Proposition 6.4.4])With
the same notation as before, let us assume that A ∈ SL(C, n). The quotient Z/α
has canonical non terminal singularities on the image of C if and only if the age of
α near C is 1.
If Z/α has terminal singularities, then it does not admit a crepant resolution.
Definition 3.3. Let V be a hyperka¨hler variety of dimension 2n and let ωV be the
symplectic form on V ; the automorphism α is said to be symplectic if α∗ωV = ωV ,
non symplectic otherwise.
When G = 〈α〉 acts non symplectically and is cyclic of prime order p, it is always
possible to find a generator, that we keep on denoting α, such that α∗ωV = ζpωV
for ζp a primitive p-th root of unity.
Let us consider a local system of coordinates (x1, . . . , x2n) near a connected
component of the fixed locus. The automorphism α linearizes to a matrix A in
GL(C, 2n). If the order of α is a prime number p, then the eigenvalues of A are
(ζa1p , . . . ζ
a2n
p ).
Recall the following standard fact about the components of the fixed locus.
Lemma 3.4. Let V be a hyperka¨hler manifold of dimension 2n and let α be a
non degenerate automorphism of finite order acting on X. Then the fixed locus has
codimension ≥ 2 if α is symplectic, and ≥ n if α is non symplectic.
Proof. When α is symplectic this follows from the fact that every connected com-
ponent of the fixed locus is symplectic, as shown in [41, Proposition 3.5].
When α is non symplectic, suppose on the contrary that there exists a connected
component of codimension < n. Then the eigenspace relative to the eigenvalue 1
of A would be an isotropic subspace of dimension > n, and this is impossible. 
Lemma 3.5. Let V be a hyperka¨hler variety of dimension 2n and let α ∈ Aut(V )
be an automorphism of order p with a non-empty fixed locus. Let A be the matrix
which linearizes α near a component C of its fixed locus and let (ζa1p , . . . ζ
a2n
p ), with
0 ≤ ai < p, be its eigenvalues.
Then, there exist local coordinates (x1, . . . , x2n) in an open neighbourhood con-
taining C such that:
(1) if α is symplectic, the spectrum of A is the union of n pairs of the form
(ζ
aj
p , ζ
p−aj
p ) with aj > 0, for j = 1, . . . , n;
6 CHIARA CAMERE, ALICE GARBAGNATI, AND GIOVANNI MONGARDI
(2) if α is non symplectic, the spectrum of A is the union of s ≤ n pairs of
the form (1, ζp) or (ζ
aj
p , ζ
p+1−aj
p ) with aj > 0, for j = 1, . . . , s, plus the
eigenvalue ζ
p+1
2
p with multiplicity 2n− 2s.
Proof. Fix a component of the fixed locus; we choose local coordinates (x1, . . . , x2n)
such that the symplectic form ωV is represented by the standard symplectic matrix
J .
Since α is an automorphism of V , it preserves the Hodge decomposition of
H2(V,C) and so α∗(ω) = λαω where λα ∈ C∗. Moreover, since α has order p,
λpα = 1. If α is a symplectic automorphism, then λα = 1, otherwise, without loss
of generality, we can assume that λα = ζp, where ζp = e
2ipi/p.
Since α preservesH2,0(V ), locally we have tAJA = λαJ , henceA
−1 = λ−1α J
−1 tAJ .
Let µ = ζ
aj
p be one of the eigenvalues of A; then λαµ
−1 is an eigenvalue of A as
well, distinct from µ if µ2 6= λα. Thus we obtain the following possibilities:
(1) p = 2: in this case, all the eigenvalues satisfy µ2 = 1. If α is symplectic, all
the connected components of the fixed locus are symplectic [10, Proposi-
tion 3], hence even-dimensional, and this implies that ±1 occur both with
even multiplicity, so that detA = 1. If α is non symplectic, all the con-
nected components are Lagrangian submanifolds [4, Lemma 1], so that the
multiplicity of µ = 1 is exactly n and detA = (−1)n.
(2) p > 2, λα = 1: the eigenvalues of α are n pairs of the form (ζ
aj
p , ζ
p−aj
p ) with
aj > 0, for j = 1, . . . , n, and the determinant is detA = ζ
∑
n
i=1(ai+p−ai)
p = 1.
(3) p > 2, λα = ζp: the eigenvalues of α are s ≤ n pairs of the form (1, ζp) or
(ζ
aj
p , ζ
p+1−aj
p ) with aj > 0, for j = 1, . . . , s, plus the eigenvalue ζ
p+1
2
p with
multiplicity 2n− 2s. Here detA = ζ
∑
s
i=1(ai+p−ai+1)+(n−s)(p+1)
p = ζnp .

Singular quotients of hyperka¨hler manifolds have already been studied in the
literature, although the accent has always been on using quotients by symplectic
automorphisms to construct singular symplectic manifolds and look for possible
desingularizations. The following results include also results previously obtained
by Fujiki [22] and Menet [35, Proposition 2.39].
Proposition 3.6. Let V be a hyperka¨hler variety of dimension 2n and let α ∈
Aut(V ) be a symplectic automorphism of order p with a non-empty fixed locus.
Let A be the matrix which linearizes α near a component of its fixed locus and let
(ζa1p , . . . ζ
a2n
p ), with 0 ≤ ai < p, be its eigenvalues.
In this case α preserves the volume form of V , and the singularities of V/α are
canonical and not terminal if and only if all the components of the fixed locus have
dimension 2n− 2.
Proof. Let C be a connected component of the fixed locus of α and let (x1, . . . , x2n)
be local coordinates as in Lemma 3.5.
We recall that the volume form Ω of V is a complex multiple of ωnV ; we can
assume that
Ω := kωnV = dx1 ∧ dx2 ∧ . . . ∧ dx2n
for a certain constant k ∈ C∗. This implies that the action of α∗ on Ω is the
multiplication by the determinant of A, so we have
α∗(Ω) = det(A)Ω.
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Period preserving automorphisms are exactly those whose linearizationA belongs
to SL(C, 2n). Since α is symplectic, by Lemma 3.5 det(A) = 1 and α∗(Ω) = Ω.
Let us consider a component C ⊂ V of the fixed locus of α; C has codimension
greater than 1 by Lemma 3.4. The quotient V/α is singular in π(C) ⊂ V/α,
where π : V → V/α is the quotient map. By Proposition 3.2, the singularity
π(C) is canonical but not terminal if and only if the age of α near C is 1, i.e. if
(
∑2n
j=1 aj)/p = 1.
We distinguish two cases:
(1) If p = 2, denote by 2k the multiplicity of 1 as an eigenvalue; then the age
(
∑2n
j=1 aj)/2 =
2n−2k
2 = n − k equals 1 if and only if k = n − 1. As a
consequence, C has codimension two.
(2) If p > 2, then
∑2n
j=1 aj =
∑n
i=1(ai + p − ai) =
∑n
i=1 kip. Let us consider
the possibilities for the 2× 2 block diagonal matrix Ai := diag(ζ
ai
p , ζ
p−ai
p ):
either it is the identity matrix, and in this case ki = 0, or it is not, and in
this case ki = 1. If we require that
∑2n
j=1 aj/p = 1 we are requiring that
exactly one ki is non zero, which implies that C has codimension 2, for each
component C in the fixed locus of α.
Vice versa, if every component C of the fixed locus of α has dimension 2n− 2,
then there are exactly two eigenvalues A which are not equal to 1. Since α is
symplectic, they are of the form (ζ
aj
p , ζ
p−aj
p ) by Lemma 3.5. This implies that the
singularities of V/α are canonical but not terminal.

In [35, Proposition 2.39], the interested reader can find an explicit list of quotients
of this kind and more details on the existence of a resolution of singularities of V/α.
Theorem 3.7. Let V be a hyperka¨hler variety of dimension 2n and let α ∈ Aut(V )
be a non symplectic automorphism of prime order p with a non-empty fixed locus.
Then:
(1) α preserves the volume form if and only if p|n.
(2) The singularities of V/α are canonical and not terminal if and only if p = n
and all the components of the fixed locus of α have dimension p = n.
In particular, if V is a 2p-dimensional hyperka¨hler variety and α is a non sym-
plectic automorphism of order p of V such that all the components of the fixed locus
of α have dimension p, then the blow up of V/α in its singular locus is a Calabi–Yau
2p-fold.
Proof. Let C be a connected component of the fixed locus of α and let (x1, . . . , x2n)
be local coordinates as in Lemma 3.5.
As in proof of Proposition 3.6, we obtain that
α∗(Ω) = det(A)Ω.
Period preserving automorphisms are exactly those whose linearizationA belongs
to SL(C, 2n). Lemma 3.5 implies that α∗(Ω) = ζnpΩ if α is non symplectic. Since
ζnp = 1 if and only if p|n, we obtain that a non symplectic automorphism of order
p of V preserves the volume form if and only if p|n.
Let us consider a component C ⊂ V of the fixed locus of α; C has codimension
greater than n − 1 by Lemma 3.4. The quotient V/α is singular in π(C) ⊂ V/α,
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where π : V → V/α is the quotient map. The singularity π(C) is canonical but not
terminal if and only if (
∑2n
j=1 aj)/p = 1.
We know that p|n, so we can write n as n = n′p, n′ ∈ N>0. Moreover we
know that there are s pairs of distinct eigenvalues (ζ
aj
p , ζ
ahj
p ) of the form (1, ζp) or
(ζ
aj
p , ζ
p+1−aj
p ) with aj > 0 and that ζ
p+1
2
p occurs with multiplicity 2n − 2s . We
can assume without loss of generality that 0 ≤ aj < p for every j = 1, . . . , 2s and
that aj < ahj . So aj + ahj = 1 + kjp with kj = 0 if aj = 0 and ahj = 1, and
kj > 0 otherwise (i.e. if aj > 0 and so ahj > 0). Hence (
∑2n
j=1 aj)/p = (
∑s
i=1(aj +
ahj ))/p+(n−s)(p+1)/p =
∑s
i=1(1+kip)/p+(n−s)(p+1)/p = n
′+
∑s
i=1 ki+n−s.
Now the condition (
∑2n
j=1 aj)/p = 1 implies that n
′ = 1, s = n and ki = 0 for each
i = 1, . . . , n. This implies that n = p and aj = 0 for every j = 1, . . . , p. So the
eigenvalues of A are 1 and ζp, both with multiplicity p. Thus, locally the fixed
locus could be described by x′2i = 0, i = 1, ldots, p, its codimension is p and its
dimension is p.
Vice versa, if α is a non symplectic automorphism of a 2p-dimensional hy-
perka¨hler variety V such that the fixed locus of α consists of subvarieties of di-
mension p, then each block Ai of the eigenvalues matrix is Ai := diag(ζ
0
p , ζ
1
p ) and
it is immediate to check that
∑n
j=1 aj/p = 1.
Finally, let us show that there exists a crepant resolution Y of V/α. Let us
blow up V in the fixed locus of α. So we are blowing up V in a disjoint union
of p-dimensional smooth subvarieties, introducing a (not necessarily connected)
exceptional divisor E. We denote by β : V˜ → V this blow up. The automorphism
α ∈ Aut(V ) induces an automorphism α˜ on V˜ which acts as the identity on E and
acts freely on V˜ −E. So the quotient V˜ /α˜ is a smooth variety, which is isomorphic
to the blow up of V/α in its singular locus. It remains to prove that the canonical
bundle of V˜ /α˜ is trivial: first one computes
KV˜ = β
∗(KV ) + (p− 1)E
so that KV˜ = (p − 1)E. Then one observes that the quotient map π
′ : V˜ → V˜ /α˜
exhibits V˜ as p : 1 cyclic cover of V˜ /α˜ branched on B := π′(E). Hence there
exists a divisor L ∈ Pic(V˜ /α˜) such that pL ≃ B and KV˜ = π
′∗(KV˜ /α˜ + (p− 1)L).
Multiplying both terms by p one obtains
pKV˜ = π
′∗(pKV˜ /α˜) + π
′∗((p− 1)pL).
Recalling that pL ≃ B and π′∗(B) = pE one has
p(p− 1)E = π′∗(pKV˜ /α˜) + p(p− 1)E,
which implies that π′∗(pKV˜ /α˜) is trivial. On the other hand V˜ /α˜ is the blow
up of V/α in its singular locus and V/α has trivial canonical bundle (because it
is the quotient of V , which has trivial canonical bundle, by a period preserving
automorphism). Let us denote by β′ : V˜ /α˜ → V/α this blow up. We obtain
KV˜ /α˜ = β
′∗(KV/α) + hB = hB for a certain h ∈ Q. Since π
′∗(pKV˜ /α˜) is trivial
one has that π′∗(phB) = p2hE is trivial. The divisor E is effective, so p2hE = 0
implies h = 0.
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Moreover, hi,0(V˜ ) = hi,0(V ) because they are birational invariants; and on the
other hand, hi,0(V˜ /α˜) = dimHi,0(V˜ )α˜ = 0 for 0 < i < 2p, since α does not preserve
the symplectic structure of V .
But a smooth variety Y of dimension 2p with trivial canonical bundle and
hi,0(Y ) = 0 for 0 < i < 2p is Calabi–Yau. 
If V is a hyperka¨hler 2n-fold and α is a non symplectic involution on V , then the
components of the fixed locus of α are Lagrangian submanifolds of V and thus in
particular they have dimension n [4, Lemma 1]. So a non symplectic involution on
V preserves the canonical bundle and is such that V/α has canonical singularities
if and only if n = 2. This will be the setting of the rest of the paper.
Remark 3.8. To the best of our knowledge there are no examples of pairs (V, αV )
which satisfy Theorem 3.7 such that dimV > 4.
4. Quotients of hyperka¨hler 4-folds by non symplectic involutions
From now on, V is a hyperka¨hler 4-fold and α is a non symplectic involution
(so n = p = 2). Hence V/α admits a crepant resolution which is a Calabi–Yau
4-fold. The aim of this Section is to describe an explicit crepant resolution of V/α
(Section 4.1), which allows to construct a Calabi–Yau 4-fold and to compute its
Hodge diamond starting from some information on the action of α on V (Theo-
rem 4.1). Then we apply these results to some specific hyperka¨hler 4-folds with a
non symplectic involution, in particular we will consider quotients of generalized
Kummer in Section 4.3.1 and K3 type hyperka¨hler 4-folds in Section 4.3.2.
4.1. The crepant resolution. Let us denote by π : V → V/α the quotient map
and by Bj the irreducible components of the fixed locus of α. We recall that Bj
are smooth surfaces. In order to construct the crepant resolution V˜/α of V/α
considered in proof of Theorem 3.7 it suffices to blow up once the singular locus of
V/α, which is given by
∐
j π(Bj). This introduces one divisor for each component
Bj of the fixed locus, and this divisor is a P1-bundle over Bj .
There exists the following commutative diagram:
V
pi

V˜
β
oo
pi′

V/α V˜ /α˜
β′
oo
,
where β is the blow up of V in the components of the fixed locus of α, α˜ is the
automorphism of V˜ induced by α, π and π′ are the quotient maps and β′ is the
blow up of V/α in its singular locus (equivalently β′ is the map induced by β on
the quotient 4-folds). So V˜/α is isomorphic to V˜ /α˜.
4.2. The computation of the Hodge numbers. Let α be a non symplectic
involution of V and Y := V˜/α the crepant resolution of V/α described in Section
4.1. The 4-fold Y is a Calabi–Yau variety and so its Hodge diamond is invariant
under birational transformation (see [2, Theorem 1.1] and [16]). In particular, we
can deduce the Hodge diamond of Y from the computation of the α˜ invariant part
of the cohomology of V˜ . Equivalently, one can use the well known formula of the
orbifold cohomology. The result, which is not surprising, is that the Hodge diamond
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of Y depends on the α invariant part of the Hodge decomposition of V , and on the
Hodge diamond of the fixed locus. After fixing some notation, we summarize the
result in Theorem 4.1.
Let
∐
Bj be the fixed locus of α. Let us denote by b := h
0(
∐
Bj), i.e. b
is the number of components of the fixed locus of α, by c :=
∑b
j=1(h
1,0(Bj)),
d :=
∑b
j=1(h
2,0(Bj)), e :=
∑b
j=1(h
1,1(Bj)). Moreover, let us denote by
t1,1 := dim(H
2(V,C))α = dim(H1,1(V ))α,
where the last equality follows from the fact that α is non symplectic. We set also:
t2,1 := dim(H
2,1(V )α) = dim(H3(V,C)α), t3,1 := dim(H
3,1(V )α), t2,2 := dim(H
2,2(V )α).
Since H4,0(V ) and H0,4(V ) are invariant for α, we have the following relation:
dim(H4(V,C)α) = 2 + 2t3,1 + t2,2.
Theorem 4.1. The Hodge diamond of any Calabi–Yau birational to Y is given by
h0,0(Y ) = h4,0 = 1, h1,0(Y ) = h2,0 = h3,0 = 0,
h1,1(Y ) = t1,1 + b, h
2,1(Y ) = t2,1 + c,
h2,2(Y ) = t2,2 + e, h
3,1(Y ) = t3,1 + d.
Proof. The crepant resolution Y of V/α is isomorphic to V˜ /α˜ by Section 4.1 and any
over Calabi–Yau birational to Y has the same Hodge numbers as Y , by [2, Theorem
1.1]. The statement now thus follows from the fact that H∗,∗(Y ) = H∗,∗(V˜ )α˜.
Indeed by standard results on the cohomology of blow ups (see [48, Theorem 7.31],
hp,q(V˜ ) = hp,q(V ) + hp−1,q−1(
∐
Bj). Since the exceptional divisors of the blow up
β : V˜ → V are preserved by α˜, we obtain dim
(
Hp,q(V˜ )α˜
)
= dim (Hp,q(V )α) +
hp−1,q−1(
∐
Bj). 
4.3. Computations in special cases. The aim of this section is to apply Theorem
4.1 to special hyperka¨hler 4-folds V with a given non symplectic involution α such
that either there exist some relations among the numbers ti,j , b, c, d, e, or some of
these numbers are determined.
4.3.1. Generalized Kummer four-folds. Non symplectic involutions on generalised
Kummer fourfolds have been recently classified in [36]. The cohomology of gener-
alised Kummer fourfolds has been studied in detail by Hassett and Tschinkel [27]
and Oguiso [41], let us review the results relevant for our purposes.
The Hodge diamond of the generalized Kummer fourfolds is as follows:
1
0
5 1
4 0
96 5 1.
Here, the third cohomology has trivial H3,0 and four dimensional H2,1 which,
in the following special setting, can be constructed explicitly. Let A be an abelian
surface and let C2 be its universal cover, with coordinates z and w. Let A(2) be
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the subset of A3 where all points sum to zero. The universal cover of A(2) is the
closed submanifold of (C2)3 cut out by the following equations:
z1 + z2 + z3 = 0,
w1 + w2 + w3 = 0.
The natural one forms dzi, dwi onA(2) satisfy the same equations and dz1, dz2, dw1, dw2
form a basis of one forms for A(2). We have the following lemma
Lemma 4.2. [41, Lem. 3.3] All S3 invariant (2, 1)-forms of A(2) give nonzero
forms of K2(A).
Proof. Let τ be a S3 invariant (2, 1)-form. It then descends to a (2, 1) form τ of
(A(2))(3). Let us consider its resolution ν : K2(A) → (A(2))
(3). As the Hodge
structure of (A(2))(3) is pure, we have a well defined map ν∗ of (2, 1) forms. This
map is furthermore injective, as is the quotient map A(2)→ (A(2))(3) on symmetric
(2, 1) forms, therefore our claim holds. 
A basis for this cohomology is given by averaging forms in the orbit of the four
following elements:
dz1 ∧ dw1 ∧ dz1, dz1 ∧ dw2 ∧ dz3, dw1 ∧ dz1 ∧ dw1 and dw1 ∧ dz2 ∧ dw3.
This will allow us to compute t2,1 on natural automorphism only from the ac-
tion of the automorphism on H1(A). The last tool we need is a determination of
H4(K2(A))/ Sym
2H2(K2(A)). This has the following geometric characterisation,
where we denote by A[3] the group of the 3-torsion points of A:
Lemma 4.3. [27, Sect. 4] There is an injective map A[3]⊗ C →֒ H4(K2(A)). Let
W =
∑
p∈A[3] p⊗1. ThenW
⊥ ⊂ A[3]⊗C surjects on H4(K2(A))/ Sym
2H2(K2(A)).
We omit this proof, however the embedding is geometric, as the classes p⊗ 1 are
given by the surfaces of subschemes of A whose support is the order three point
p, and the sum of these classes lies in the subspace generated by the exceptional
divisor and the second Chern class.
As it is classically known ([23]), there are three families of non symplectic in-
volutions on abelian surfaces. The first family is given in terms of the product
E×E′ of two elliptic curves and the involution acts as −1 on one curve and as 1 on
the other. The elements of the second family are quotients of elements of the first
family by an order two point t such that both projections of t on the elliptic curves
E and E′ are nontrivial. The third family is an iteration of this procedure with a
further quotient by a point of order 2. Let X1 = K2(E × E
′), X2 = K2(E × E
′/t)
and X3 = K2(E×E
′/〈t, t′〉) and let ϕ1, ϕ2 and ϕ3 be the three involutions induced
on them. In all three cases, we have t1,1 = 3 and t2,1 = 2. The three actions
give also the same action on order three points of A, with 36 non trivial orbits
and 9 fixed points. Therefore we have t2,2 = 54, where 10 elements come from
the symmetric power of H2 and 45 arise from the action on order three points
(we remind that there is a one dimensional intersection). The fixed locus on X1 is
given by points of the form {(p, e); (q, f); (p + q,−e − f)}, where p, q ∈ E[2] and
e, f ∈ E′ or points of the form {(0,−2e), (a, e), (−a, e)}, where a ∈ E and e ∈ E′.
These cover six surfaces, one is a P2 (the fibre of the Albanese map for (E′)(3),
given by fixed subschemes of the form {(0, e), (0, f), (0,−e− f)}e,f∈E′), three are
(E′)(2) (which are {(0, e), (p, f), (p,−e− f)}e,f∈E′, p∈E[2]−0), one is E
′ × E′ (given
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as {(p, e), (q, f), (p+ q,−e− f)}e,f∈E′, {0,p,q,p+q}=E[2]) and the last is given by the
invariant subschemes whose points are not fixed, and this is isomorphic to E × P1
blown up along nine points, which are subschemes supported entirely on a triple
point of A. Therefore we get the following Hodge diamond for a crepant resolution
Y1 of X1/ϕ1:
1
0
9 0
8 0
75 5 1.
In case X2 = K2(E × E
′/t), the quotient of E × E′/t of E × E′ identifies some
of the components of the fixed locus, and we are left with only three surfaces. The
first one is again P2. The second one is (E′)(2) and the last one is the surface of
invariant non fixed subschemes, isomorphic to that of the previous case. Therefore
the Hodge diamond of a crepant resolution Y2 of X2/ϕ2 is as follows:
1
0
6 0
4 0
68 4 1.
Also on X3 the fixed locus gets smaller, and only P2 and the surface of invariant
non fixed subschemes are left. Thus, the Hodge diamond of a crepant resolution Y3
of X3/ϕ3 is as follows:
1
0
5 0
3 0
66 4 1.
4.3.2. Four-folds of K3 type. We want to apply the results of Theorem 4.1 if V is
deformation equivalent to the Hilbert scheme of two points of a K3 surface. In this
case the Hodge diamond of V is known to be:
1
0
21 1
0 0
232 21 1.
One of the most relevant properties about the cohomology of V if V is ofK3 type, is
that the cohomology group H3(V,C) is trivial and the cohomology group H4(V,C)
is completely determined by H2(V,C). In particular, this implies that t2,1 = 0 and
that we can get t3,1 and t2,2 from t1,1. Indeed, there is an isomorphism of Hodge
structures H4(V,C) ∼= Sym2(H2(V,C)) (see [26]). Let us denote by H1,1(V,C)−1
the subgroup of H1,1(V,C) which is anti invariant for α. Then
t3,1 = dim(H
3,1(V,C)α) = dim(H2,0(V )⊗H1,1(V )−1) = h
1,1 − t1,1 = 21− t1,1
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and
t2,2 = dim(H
2,2(V )α) = dim
(
H2,0(V )⊗H0,2(V )⊕ Sym2
(
H1,1(V )
))α
=
dim
(
H2,0(V )−1 ⊗H
0,2(V )−1 ⊕ Sym
2(H1,1(V )α)⊕ Sym2(H1,1(V )−1)
)
=
1 +
(
t1,1+1
2
)
+
(
22−t1,1
2
)
= 232 + t21,1 − 21t1,1.
By considering the invariant and the anti invariant parts of the cohomology of
V , we obtain two sub-Hodge structures of weight k of Hk(V,Q). In particular, we
obtain the following two invariant and anti invariant Hodge diamonds:
1
0
t1,1 0
0 0
232 + t21,1 − 21t1,1 21− t1,1 1
0
0
21− t1,1 1
0 0
−t21,1 + 21t1,1 t1,1 0
This allows an easy computation of the trace of α on H∗(V,C) and, by means
of the topological trace formula, Beauville in [4] deduces information on the Hodge
diamond of the fixed locus of α (in [4] the trace of α on H1,1(V ) is denoted by t).
The relation between t and t1,1 is clearly t = t1,1− (21− t1,1), so t = 2t1,1− 21. By
[4, Theorem 2], once denoted by F =
∐
Bj the fixed locus of α, we have
χ(F ) = (t21,1 − 21t1,1 + 112)/2, e(F ) = 2t
2
1,1 − 42t1,1 + 232.
In particular, with the notations of Theorem 4.1, we have
b− c+ d = (t21,1 − 21t1,1 + 112)/2,
2b− 4c+ 2d+ e = 2t21,1 − 42t1,1 + 232,
from which it follows
b = (112− 21t1,1 + 2c− 2d+ t
2
1,1)/2,
e = 120− 21t1,1 + 2c+ t
2
1,1.
Proposition 4.4. Let V be a hyperka¨hler 4-fold of K3 type admitting a non sym-
plectic involution α such that the fixed locus of α consists of the disjoint union of a
finite number of surfaces Bj. As before, denote by:
t1,1 := dim(H
1,1(V )α), c :=
∑
j
(H1,0(Bj)), d :=
∑
j
(H2,0(Bj)),
any crepant resolution of V/α is a Calabi–Yau variety with Hodge numbers:
h0,0 = h4,0 = 1, h1,0 = h2,0 = h3,0 = 0,
h1,1 = (112− 19t1,1 + 2c− 2d+ t
2
1,1)/2, h
2,1 = c,
h2,2 = 352 + 2t21,1 − 42t1,1 + 2c, h
3,1 = 21− t1,1 + d.
4.3.3. Beauville’s non natural involution. Let H be a double EPW sextic and ιH
be the cover involution, see [40] for the definition. It is well known that H is
deformation equivalent to S[2], where S is a quartic in P3. In the most generic case
(for example if Pic(S) = ZA, where A is a polarization of degree 4), the fixed locus
of ιH on H consists of a smooth surface parametrizing the bitangents to S (see [20])
and ιH fixes only one class in H
1,1(H), so t1,1 = 1.
Let X ′ be the double cover of P3 branched along a generic quartic W ⊂ P3.
Let F ′ be the set of the conics on X ′, and F ′0 be the parametrizing space of the
bitangents to W . Both F ′ and F ′0 are surfaces and there exists a non ramified
double cover F ′ → F ′0. In [34, p. 533] it is proved that the Hodge numbers of
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F ′ and F ′0 are the same as the ones of analogous surfaces defined for a different
threefold X (a Fano threefold of genus 6). This allows to compute them:
h0,0(F ′0) = 1, h
1,0(F ′0) = 0, h
2,0(F ′0) = 45, h
1,1(F ′0) = 100
(cf. [34, (0.7)], see also [34, (0.6)] for the Hodge numbers of F ′).
The fixed locus FixιH (H) is the surface F
′
0 considered before. This allows to
compute the Hodge numbers of the crepant resolution Y ofH/ιH (as in the previous
section):
h0,0(Y ) = 1, h1,0(Y ) = h2,0 = h3,0 = 0,
h1,1(Y ) = dim(H1,1(H)ιH ) + dim(H0,0(F ′0)) = 1 + 1 = 2,
h2,1(Y ) = dim(H2,1(H)ιH ) + dim(H1,0(F ′0)) = 0 + 0 = 0,
h3,1(Y ) = dim(H3,1(H)ιH ) + dim(H2,0(F ′0)) = 20 + 45 = 65,
h2,2(Y ) = dim(H2,2(H)ιH ) + dim(H1,1(F ′0)) = 212 + 100 = 312.
5. Non symplectic natural involutions on S[2] and the Calabi–Yau
4-folds YS and ZS
Here we consider the case of natural non symplectic involutions on the Hilbert
scheme of two points S[2] of a K3 surface S. As already discussed in §2, if the
K3 surface S admits a non symplectic involution ιS , this induces a non symplectic
involution, denoted by ι
[2]
S , on S
[2]. Our first goal will be the construction of the
Calabi–Yau variety YS , the crepant resolution of S
[2]/ι
[2]
S , and the computation of
its Hodge numbers, in Theorem 5.1. Then, in Section 5.2 we recall the construction
of other Calabi–Yau 4-folds obtained applying the Borcea–Voisin construction to
S × S: this Calabi–Yau will be denoted by ZS and is the crepant resolution of
(S × S) /〈ιS × ιS〉. This allows us to show that there exists an involution on ZS,
denoted by σZ , such that ZS/σZ is birational to YS , see Proposition 5.3. The
existence of this involution depends on the fact that the group (Z/2Z)2 = 〈ιS×ιS , σ〉
acts on S × S and the 4-fold YS is birational to the quotient of S × S for the full
group, while S[2] and ZS are birational to the quotients of S × S by two specific
subgroups of order 2 of (Z/2Z)2. In Proposition 5.4, we will prove that the quotient
of S × S by the third cyclic subgroup of (Z/2Z)2 admits a crepant resolution V
which is isomorphic to S[2]. In Section 5.5, we describe explicitly the Picard group
of YS and the branch divisors associated to the three double covers ZS 99K YS ,
S[2] 99K YS and V 99K YS .
5.1. The Calabi–Yau 4-folds YS . We first recall the main results on non sym-
plectic involutions on K3 surfaces, due to Nikulin, see [39].
Let S be a K3 surface admitting a non symplectic involution ιS .
We denote by r := rank(H2(S,Z)ιS ) and by a the integer defined by
(H2(S,Z)ιS )∨/(H2(S,Z)ιS ) ≃ (Z/2Z)a.
The fixed locus of ιS consists of N disjoint curves. If N = 0, then r = a = 10.
Otherwise, let us consider the fixed curve with highest genus and denote it by C.
If the fixed locus of ιS consists of two curves of genus one, and in this case r = 10,
a = 8. If the fixed locus of ιS is neither empty nor the disjoint union of two
curves of genus one, then FixιS = C
∐N−1
i=1 Ri where Ri is a rational curve for all
i = 0, . . . , N − 1. Let us denote by g := g(C), by k := N − 1, by N ′ =
∑N
j=1 g(Dj),
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where the Dj are all the curves in the fixed locus of ιS .
The invariants just introduced satisfy the following relations:
(1)
k = (r − a) /2, g = (22− r − a) /2,
N = (2 + r − a) /2, N ′ = (22− r − a) /2,
r = 11 + k − g = 10 +N −N ′, a = 11− k − g = 12−N −N ′.
Suppose now that the fixed locus of ιS on S consists of a curve C of genus
g := g(C) and of k other rational curves. An application of [6, §4.2] shows that the
fixed locus of ι
[2]
S on S
[2] consists of the following surfaces:
• one surface isomorphic to C [2] whose Hodge numbers are h0,0 = 1, h1,0 = g,
h2,0 = g(g − 1)/2, h1,1 = 1 + g2;
• k surfaces isomorphic to C × Rj ≃ C × P1, j = 1, . . . k, whose Hodge
numbers are h0,0 = 1, h1,0 = g, h2,0 = 0, h1,1 = 2;
• k surfaces isomorphic to (P1)[2], whose Hodge numbers are h0,0 = 1, h1,0 =
0, h2,0 = 0, h1,1 = 1;
• k(k−1)/2 surfaces isomorphic to P1×P1, whose Hodge numbers are h0,0 =
1, h1,0 = 0, h2,0 = 0, h1,1 = 2;
• one surface which is isomorphic to the smooth quotient surface S/ιS hence
h0,0 = 1, h1,0 = 0, h2,0 = 0 and h1,1 = r.
So the Hodge diamond of the fixed locus is:
1 + k + k + k(k − 1)/2 + 1
g + kg
1 + g2 + 3k + k(k − 1) + r g(g − 1)/2.
We observe that the topological characteristic of the fixed locus is 2(r2−19r+96)
(where we used the relations (1)).
Now we consider the action of ι
[2]
S on the cohomology of S
[2]. Obviously, ι
[2]
S is a
specific choice of an involution on a specific hyperka¨hler variety which is deformation
equivalent to (and in fact coincides with) a Hilbert scheme of two points on a K3
surface. So we are exactly in the setting of Section 4.3.2. Since ι
[2]
S is induced by
ιS and preserves the exceptional divisor in S
[2], we have that t1,1 = r + 1.
Hence, applying Proposition 4.4, we obtain the Hodge diamond of any crepant
resolution YS of S
[2]/ι
[2]
S :
Theorem 5.1. Let S be a K3 surface and ιS be a non symplectic involution on
S, whose fixed locus is associated to the values (N,N ′). Let YS be the blow up
of S[2]/ι
[2]
S in its fixed locus. Then the Hodge numbers of any Calabi–Yau 4-fold
birational to YS are: h
i,0 = 0, i = 1, 2, 3, h0,0 = h4,0 = 1 and
h1,1 = (24 + 3N − 2N ′ +N2)/2,
h2,1 = NN ′,
h3,1 = (20− 2N +N ′ +N ′2)/2,
h2,2 = 132 + 2N − 2N ′ + 2N2 − 2NN ′ + 2N ′2.
Remark 5.2. Since there are 64 possible choices for the pairs (N,N ′) associated
to ιS we obtain 64 different Hodge diamonds for the Calabi–Yau 4-folds YS . In all
the admissible pairs, 1 ≤ N ≤ 10 and 0 ≤ N ′ ≤ 10. The complete list of the Hodge
diamonds of the Calabi–Yaus YS is given in the Appendix 8.
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5.2. The Calabi–Yau of Borcea–Voisin type and ZS. Let B1 and B2 be two
Calabi–Yau varieties of dimension n1 and n2 respectively. Let us assume that Bi
admits an involution ιi which does not preserve the period of Bi. Let us consider
the involution ι1 × ι2 on B1 × B2. If all the components of the fixed locus of
ι1 × ι2 on B1 × B2 have codimension 2, then there exists a crepant resolution of
(B1 × B2)/(ι1 × ι2) which is a Calabi–Yau of dimension (n1 + n2). The Calabi–
Yau manifolds constructed in this way are called of Borcea–Voisin type, after the
original independent papers by Borcea [9] and Voisin [47]; the generalization that
we have just reviewed is a result by Cynk and Hulek (see [13, Proposition 2.1]),
where the authors refer to the construction as the “Kummer construction”.
In our setting it is quite natural to consider a Calabi–Yau 4-fold of Borcea–Voisin
type, by choosing B1 = B2 = S and ι1 = ι2 = ιS , with the same notation of the
previous section. The quotient (S × S)/(ιS × ιS) is singular along some surfaces
and the blow up of these surfaces gives a smooth Calabi–Yau 4-fold, that we denote
by ZS . In this section we compute the Hodge numbers of ZS , which do not depend
on the birational model of ZS which we choose; these computations are not new
and can be found in [17].
Let S be a K3 surface and ιS be a non symplectic involution of S whose fixed
locus consists of a curve of genus g and k rational curves.
The Hodge diamond of S × S is
1
0
40 2
0 0
404 40 1.
First we consider the action of (ιS× ιS)
∗ on H∗(S×S,Q). The invariant and the
anti invariant part of H∗(S × S,Q) give two sub-Hodge structures of H∗(S × S,Q)
which are respectively:
1
0
2r 0
0 0
2r2 − 40r + 404 40− 2r 1,
0
0
40− 2r 2
0 0
40r − 2r2 2r 0.
The fixed locus of ιS × ιS on S × S consists of:
• one surface isomorphic to C×C whose Hodge numbers are h0,0 = 1, h1,0 =
2g, h2,0 = g2, h1,1 = 2 + 2g2;
• 2k surfaces isomorphic to C × P1 whose Hodge numbers are h0,0 = 1,
h1,0 = g, h2,0 = 0, h1,1 = 2;
• k2 surfaces isomorphic to P1 × P1, whose Hodge numbers are h0,0 = 1,
h1,0 = 0, h2,0 = 0, h1,1 = 2.
It follows that the Hodge diamond of the fixed locus is
1 + 2k + k2
2g(1 + k)
2 + 2g2 + 4k + 2k2 g2.
Hence, using relations (1), the Hodge numbers of ZS , and so of any crepant
resolution of (S × S)/(ιS × ιS), are:
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h1,1 = 20 + 2N − 2N ′ +N2,
h2,1 = 2NN ′,
h3,1 = 20− 2N + 2N ′ +N ′2,
h2,2 = 204 + 4N2 − 4NN ′ + 4N ′2.
5.3. The quotient of ZS, birational to YS. The group 〈σ, ιS × ιS〉 ≃ (Z/2Z)2
is contained in Aut(S × S). In particular, the automorphism σ commutes with
ιS × ιS and thus it induces an automorphism of (S × S)/(ιS × ιS), denoted by σ.
Since the singular locus of (S × S)/(ιS × ιS) is the image, under the quotient map,
of FixιS ×FixιS , and since FixιS ×FixιS is preserved by σ, the automorphism σ
extends to an automorphism σZ of ZS . Moreover, σZ preserves the period on ZS,
because σ preserves the (4, 0) form on S × S.
So we have now a Calabi–Yau 4-fold ZS with an involution, σZ , which preserves
the period of ZS.
Proposition 5.3. The quotient 4-fold ZS/σ is birational to YS.
Proof. The statement follows by the commutativity of the following diagram
S × S
((❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
pi
uu❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥

ZS
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
βZ//❴❴❴ (S × S)/(ιS × ιS)
))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
(S × S)/σ
vv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠
S[2]oo❴ ❴ ❴
zz✈✈
✈✈
✈✈
✈✈
✈✈
ZS/σZ //❴❴❴❴❴ (S × S)/〈σ, ιS × ιS〉 S
[2]/ι
[2]
S
oo❴ ❴ ❴ YSoo❴ ❴ ❴ ❴
where all dash arrows are the birational maps induced by the chosen crepant reso-
lutions and the other arrows are quotient maps.

We will see that the 4-fold ZS/σZ is singular along surfaces, so it admits a
crepant resolution Z˜S/σZ , which is a Calabi–Yau variety and is birational to YS .
In particular, the Hodge numbers of Z˜S/σZ coincide with those of YS .
Moreover, by [31, Pag. 420], we know that the birational map YS 99K Z˜S/σZ
can be decomposed into a sequence of flops.
We explicitly determine the fixed locus of the automorphism σ′ induced by σ
on (S × S)/(ιS × ιS). Let π : S × S → (S × S)/(ιS × ιS) be the quotient map.
The automorphism σ : S × S → S × S acts by sending (p, q) to (q, p). The
points on (S × S)/(ιS × ιS) are denoted by (p, q), where (p, q) is the common
image of (p, q) ∈ S × S and (ιS(p), ιS(q)) ∈ S × S under the quotient map (i.e.
(p, q) = π(p, q) = π(ιS(p), ιS(q))). Thus the condition σ
′(p, q) = (p, q) implies
that either p = q or p = ι(q). Hence the surfaces Σ1 := π({(p, p)|p ∈ S}) and
Σ2 := π({(p, ιS(p))|p ∈ S}) are fixed by σ
′.
Let βZ : ZS → (S×S)/(ιS×ιS) be the blow up of (S×S)/(ιS×ιS) in its singular
locus. The two surfaces π({(p, p)|p ∈ S}) and π({(p, ιS(p))|p ∈ S}) intersect exactly
in the curve π(∆FixιS ×FixιS ) inside the singular locus of (S × S)/(ιS × ιS). A
local analysis shows that σZ fixes two disjoint surfaces in ZS (which are the strict
transforms of the surfaces Σ1 and Σ2).
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5.4. The other 2 : 1 quotient of S × S. The group 〈σ, ιS × ιS〉 ≃ (Z/2Z)2 ⊂
Aut(S × S) contains three distinct copies of Z/2Z: the one generated by σ, which
gives rise to S[2], the one generated by ιS × ιS , which gives rise to ZS, and the one
generated by σ ◦ (ιS × ιS).
Proposition 5.4. The blow up of (S × S)/ (σ ◦ (ιS × ιS)) in its singular locus is
isomorphic to S[2].
Proof. We consider the isomorphism φ = ιS× idS : S×S → S×S; given the graph
ΓιS of ιS , we have φ
−1(ΓιS) = ∆S , the diagonal in S
2. Since blow-up commutes
with flat base-change, we obtain the following commutative diagram:
Bl∆SS
2 φ˜ //

BlΓιSS
2

S2
φ
// S2.
We have thus deduced the existence of an isomorphism between the two blow-ups.
On the other hand, we remark that Fix(σ) = ∆S and Fix(σ ◦ ιS × ιS) = ΓιS ,
hence we get induced involutions on the blow-ups, that we still denote as on S2.
Moreover, φ ◦ σ = (σ ◦ ιS × ιS) ◦ φ, so everything is equivariant and induces an
isomorphism also between the smooth quotients, i.e. we obtain
S[2]
φ˜
−→ BlΓιSS
2/(σ ◦ ιS × ιS).

5.5. The Picard group of YS. Since YS is a Calabi–Yau variety, H
2(YS ,Z) =
Pic(YS), so in order to determine a Q-basis of YS it suffices to find a Q-basis
of H2(YS ,Z). This follows directly from the previous description of H1,1(YS).
Let us assume that S is generic among the K3 surfaces admitting a non sym-
plectic involution ιS with a given fixed locus: this is equivalent to require that
rank(NS(S)) = dimH2(S)ιS , i.e. ρ(S) = rankNS(S) = r. Let us denote by
D
(1)
S , . . .D
(r)
S a basis of NS(S) = Pic(S). Let us now consider S × S. A ba-
sis of H1,1(S)ιS ⊗ H0,0(S) is given by D
(i)
S × [S] for i = 1, . . . , r. Each divisor
D
(i)
S × [S] is sent by σ
∗ to [S] × D
(i)
S ∈ H
0,0(S) ⊗ H1,1(S)ιS . In particular, the
class D
(i)
S × [S]+ [S]×D
(i)
S is preserved by 〈ιS × ιS , σ〉 and thus it corresponds to a
class in Pic(YS), denoted by D
(i)
Y . The other generators of Pic(YS) come from the
desingularization of the quotients of order two.
We recall once again the construction of our desingularizations by a diagram:
S˜ × S
βFix(ιS×ιS) //
/ιS×ιS

S × S
vv♠ ♠
♠
♠
♠
♠
♠
♠
♠
((◗
◗
◗
◗
◗
◗
◗
◗
◗

˜
S × S
β∆oo
/σ=:pi1

Z˜S
βFix(σZ )
//
/σZ

ZS S
[2] S˜[2]
β
Fix(ι
[2]
S
)
oo
/ι
[2]
S
=:pi2

Z˜S/σZ // (S × S)/〈ιS × ιS , σ〉 YSoo
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We will denote the quotient maps as follows: π1 : S˜ × S → S
[2] and π2 : S˜[2] → YS .
We study the divisors introduced by the blow ups β∆ and βFix(ι[2]
S
)
and identify the
ones which are preserved by the quotient maps.
The blow up β∆ introduces one divisor which is the exceptional divisor over
the diagonal and is also the branch divisor of the quotient π1 : S˜ × S → S
[2].
The natural involution ι
[2]
S preserves this divisor, called the exceptional divisor of
S[2], (cfr. [8, Theorem 1]), so its image under the quotient map π2 is a divisor in
Pic(YS), which will be denoted by E∆. The other divisors of YS come from the
blow up β
Fix(ι
[2]
S
)
. They are:
• EC×C , the exceptional divisor over C
[2] (which is a surface fixed by ι
[2]
S and
is the image of C × C ⊂ S × S under the quotient map π1);
• ERi×Ri for i = 1, . . . , k, the exceptional divisor over R
[2]
i (which is a surface
fixed by ι
[2]
S and is the image of Ri × Ri ⊂ S × S under the quotient map
π1);
• EC×Ri , for i = 1, . . . , k: C×Ri ⊂ S×S is a surface which is sent to Ri×C
by σ, the common image of these surfaces is fixed by ι
[2]
S and so it is blown
up by β
Fix(ι
[2]
S
)
, and EC×Ri is the exceptional divisor of this blow up;
• ERi×Rj , for i, j = 1, . . . k, i < j: Ri×Rj ⊂ S ×S is a surface which is sent
to Rj × Ri by σ, and the common image of these surfaces is fixed by ι
[2]
S
and so it is blown up by β
Fix(ι
[2]
S
)
; ERi×Rj , with i < j, is the exceptional
divisor of this blow up;
• ES/ιS : ι
[2]
S fixes a surface inside the exceptional divisor of S
[2], which is
given by the image of points (p, ιS(p)) ∈ S × S; this surface is isomorphic
to S/ιS and so βFix(ι[2]
S
)
introduces an exceptional divisor on it, denoted by
ES/ιS .
Proposition 5.5. With the same notation as above, let S = {D
(h)
Y , E∆, ES/ιS ,
EC×C, EC×Ri , ERi×Ri , ERi×Rj}, where h = 1, . . . , r, i, j = 1, . . . k and i < j.
Then S is a Q-basis of NS(YS), NS(YS)⊗Q can be identified with NS(Z˜S/σZ)⊗Q
and so S is a Q-basis of NS((Z˜S/σZ). The divisors
B
ι
[2]
S
:=
k∑
i=1

EC×Ri + ERi×Ri + k∑
j=i+1
ERi×Rj

+ EC×C + ES/ιS
BσZ := E∆ + ES/ιS
and B
ι
[2]
S
+ BσZ are 2-divisible in NS(YS) and indeed they are associated to three
different double covers of YS .
Proof. By construction S ⊂ NS(YS) and the divisors in S are not linearly equiva-
lent. The cardinality of S coincides with h1,1(YS), so S is a Q-basis of NS(YS).
We observe that since Z˜S/σZ and YS are related by a sequence of flops, they
are isomorphic in codimension 1 and this allows one to identify the same basis S
as a Q-basis of NS(Z˜S/σS). Indeed, the divisors D
(h)
Y , h = 1, . . . , r are induced by
the cohomology of S × S and do not depend on the desigularization that we are
considering. The other divisors come from the blow ups βFix(ιS×ιS) and βFix(σ). The
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first blow up introduces exceptional divisors over the curves C×C, Ri×Ri, Ri×Rj,
C × Ri, Ri × C. The exceptional divisors over C × C and Ri × Ri are preserved
by σ. The exceptional divisors over Ri ×Rj (resp. C ×Ri) are identified with the
ones over Rj × Ri (resp. Ri × C) by the quotient by σZ . This gives the divisors
EC×C , EC×Ri for i = 1, . . . , k, ERi×Ri for i = 1, . . . , k, ERi×Rj for i, j = 1, . . . k,
i < j on YS . The blow up βFix(σZ) introduces two other divisors over the fixed
locus of σZ and we already proved that FixσZ consists of two surfaces: the strict
transforms of the images Σ1 and Σ2 of {(p, p) ∈ S×S} and of {(p, ιS(p)) ∈ S×S}.
We conclude that βσZ introduces the divisors E∆ and ES/ιS on YS . Moreover, this
shows that the support of the divisor BσZ is the branch locus of the 2 : 1 cover
Z˜S → Z˜S/σZ ∼ YS . Hence it is a 2-divisible divisor on YS .
The support of the divisor B
ι
[2]
S
is exactly the branch locus of the 2 : 1 cover
π2 : S˜[2] → YS .
Since the divisors B
ι
[2]
S
and BσZ are 2-divisible, also Bι[2]
S
+ BσZ is 2-divisible
in Pic(YS). This means that YS admits a 2:1 cover branched along
∐k
i=1 (EC×Ri)∐k
i=1 (ERi×Ri)
∐k
i,j=1,i<j
(
ERi×Rj
) ∐
EC×C
∐
E∆. This cover is naturally bira-
tional to (S × S)/(ιS × ιS ◦ σ).
Since there are divisors which are 2-divisible in NS(YS), but which are not 2-
divisible in S, we conclude that S can not be a Z-basis of NS(YS). 
5.6. Remarks on complex deformations and mirror symmetry.
5.6.1. Complex deformations. We make some remarks on the dimensions of the
families of 4-folds which we are constructing.
Proposition 5.6. Table 5.6 below lists the dimensions of local complex deforma-
tions of the families of 4-folds constructed in the previous sections.
Object Dimension of complex deformations space Dimension in terms of (N,N ′)
(S, ιS) dim
(
(H1,1(S)ιS )⊥ ∩H1,1(S)
)
10−N +N ′
(S × S, ιS × ιS) dim
(
(H1,1(S)ιS )⊥ ∩H1,1(S)
)⊕2
20− 2N + 2N ′
ZS h
3,1(ZS) 20− 2N + 2N
′ +N ′2
(S[2], ι[2]) dim
(
(H1,1(S[2])ι
[2]
S )⊥ ∩H1,1(S[2])
)
10−N +N ′
(S × S, ιS × ιS , σ) dim
(
(H1,1(S)ιS )⊥ ∩H1,1(S)
)
10−N +N ′
YS h
3,1(YS) (20− 2N +N
′ +N ′2)/2
Proof. The fact that the dimension of the deformation space of a pair (X, f), for
X hyperka¨hler and f ∈ Aut(X) a non symplectic involution, equals the dimension
of H1,1(X) ∩ (H1,1(X)f)⊥ is proven in [7, §4] and implies the statement both for
(S, ιS) and for (S
[2], ι
[2]
S ).
In order to describe Def(S × S, ιS × ιS) and Def(S × S, ιS × ιS , σ) one observes
that the same proof of loc. cit. yields, for any smooth complex manifold X such
that H0(X,TX) = 0 and c1(X) = 0 and any automorphism f ∈ Aut(X), that the
dimension of the family Def(X, f) coincides with dimH1(X,TX)
df . Since TS×S ∼=
TS⊞TS , we have indeed that H
0(S×S, TS×S) = 0, so that by [25, Theorem 14.10]
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Def(S×S) ∼= H1(S×S, TS×S) as germs over 0; moreover,H
1(S×S, TS×S)
d(ιS×ιS) ∼=
(H1(S, TS)
dιS)⊕2, hence the statement for Def(S × S, ιS × ιS). Iteration of this
reasoning finally gives the deformations of (S × S, ιS × ιS , σ).
Finally, the fact that local complex deformations of a smooth Calabi–Yau mani-
fold X are given by an open set inside Hn−1,1(X) is the well-known Tian–Todorov’s
theorem for smooth Ka¨hler manifolds with trivial canonical bundle [25, Theorem
6.8.1].
The third column is now an easy consequence of the previous computations. 
We will say that a Calabi–Yau 4-fold is of Borcea–Voisin type if it is the desin-
gularization of the quotient (S1 × S2)/(ι1 × ι2) where Si are K3 surfaces and ιi is
a non symplectic involution on Si and we generalize the definition [12, Definition
3.6] saying that a Borcea–Voisin maximal family is a family of Calabi–Yau 4-folds
such that the generic member of this family is of Borcea–Voisin type.
Corollary 5.7. Given a pair (S, ιS):
• dim(Def(ZS)) ≥ dim(Def(S×S, ιS×ιS)), and the equality holds if and only
if N ′ = 0 (i.e. if ιS fixes on S only rational curves);
• dim(Def(S[2], ι
[2]
S )) = dim(Def(S × S, ιS × ιS , σ)), but dim(Def(S
[2])) =
dim(Def(S, ιS)) + 1;
• dim(Def(YS)) ≥ dim(Def(S
[2], ι
[2]
S )) = dim(Def(S × S, ιS × ιS , σ)). The
equality holds if and only if either N ′ = 0 (i.e. the fixed locus FixιS (S) is
rigid) or N ′ = 1.
• dim(Def(YS)) ≤ dim(Def(ZS)). The equality holds if and only if ιS fixes
exactly 10 rational curves, i.e. if (S, ιS) is rigid.
In particular, it follows from dim(Def(ZS)) ≥ dim(Def(S × S, ιS × ιS) that not
all the Calabi–Yau 4-folds which deform ZS are of Borcea–Voisin type. Indeed the
deformations of ZS are all of Borcea–Voisin type if and only if the fixed locus of
ιS on S is rigid. In this case the family of ZS is a Borcea–Voisin maximal family,
in analogy with [12, Proposition 3.7]. This implies that the variation of its period
depends only on the variation of the period of S×S in the family Def(S×S, ιS×ιS).
By dim(Def(S[2], ι
[2]
S )) = dim(Def(S × S, ιS × ιS , σ)) it follows that all the de-
formations of S[2] which preserve the non symplectic involution ι
[2]
S are dominated
by S × S, but there is one more deformation of S[2] if we do not require that ι
[2]
S
deforms with S[2].
By dim(Def(YS)) ≥ dim(Def(S
[2], ι
[2]
S )), it follows that not all the deformations
of YS are dominated by S
[2] and by S × S. However, again, if the fixed locus of
ιS is rigid on S, then all the deformations of YS are obtained both as the crepant
resolution of S[2]/ι
[2]
S and as crepant resolution of (S ×S)/〈ιS × ιS , σ〉. In this case
the variation of the period of YS depends only on the variation of the period of
S in Def(S, ιS). This is the analogue of the proposition [12, Proposition 3.7]. A
little bit more surprising is the fact that also if N ′ = 1, i.e. if the fixed locus of
ιS contains a curve of genus 1 (which a priori can be deformed), dim(Def(YS)) =
dim(Def(S[2], ι
[2]
S )) = dim(Def(S × S, ιS × ιS , σ)).
Since dim(Def(YS)) ≤ dim(Def(ZS), all the deformations of YS are dominated
by deformations of ZS . We observe that a generic deformation of ZS does not
necessarily admit the automorphism σZ needed to construct YS as quotient.
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5.6.2. Mirror symmetry. Here we discuss the mirror symmetry of YS and ZS, at
least at the level of the Hodge diamond. For this reason we recall here the dimension
of the space of small deformations of the Ka¨hler structure, since we want to compare
it with the dimension of the complex deformations, given in Table 5.6:
Object Dimension of Ka¨hler deformations space Dimension in terms of (N,N ′)
ZS h
1,1(ZS) 20 + 2N − 2N
′ +N2
(S[2], ι[2]) dim
(
(H1,1(S[2])ι
[2]
S )
)
11 +N −N ′
YS h
1,1(YS)
(
24 + 3N − 2N ′ +N2
)
/2
In the following we will prove the following:
Corollary 5.8. Let Sˇ (resp. MS[2]) be the K3 surface (resp. hyperka¨hler of K3
type) that is the lattice theoretic mirror of the K3 surface S, (resp. of the hy-
perka¨hler S[2]). Let YˇS be a Calabi–Yau 4-fold whose Hodge diamond is mirror
to the one of YS . Then YˇS 6= YSˇ and YˇS 6=
˜MS[2]/ιM , where ιM is the mirror
involution of ι
[2]
S and
˜MS[2]/ιM is the Calabi–Yau constructed as in Section 4.1.
Under a mild condition on the Ne´ron–Severi group, a lattice theoretic mirror
symmetry between K3 surfaces is defined by Dolgachev in [18], extending work
by Pinkham and Nikulin. In particular, if S is a generic K3 surface with a non
symplectic involution ιS with a given fixed locus which contains exactly one curve
of positive genus, then S admits a mirror symmetric K3 surface Sˇ with a non
symplectic involution ιˇS , as showed by Voisin in [47]. LetN andN
′ be the invariants
of the fixed locus of ιS on S and let Nˇ and Nˇ ′ be the invariants of the fixed
locus of ιˇS on Sˇ, we have N = Nˇ ′, N
′ = Nˇ . It is immediate to check that this
induces the mirror symmetry between the Hodge diamond of ZS and that of ZSˇ
(which is a crepant resolution of (Sˇ × Sˇ)/(ιˇS × ιˇS)), i.e. h
1,1(ZS) = h
3,1(ZSˇ) and
h2,2(ZS) = h
2,2(ZSˇ)). This was already observed in [17].
On the other hand, it is known that the mirror symmetry between (S, ιS) and
(Sˇ, ιˇS) does not induce a lattice theoretic mirror symmetry between S
[2] and Sˇ[2].
This is because mirror symmetry for hyperka¨hler manifolds works differently from
the case of Calabi–Yaus (see Huybrechts’ lecture notes for extensive explanations
of this phenomenon [28]); indeed, the generalization of the lattice theoretic mirror
symmetry between two hyperka¨hler 4-folds of K3 type (see [11] for further details)
induces mirror symmetry between families of 4-folds of K3 type endowed respec-
tively with natural and non-natural involutions whose invariants sublattices’ ranks
satisfy the relation rˇ ↔ 21− rˇ.
In view of these two results it is quite natural to ask whether the lattice theoretic
mirror symmetry, either on K3 surfaces or on hyperka¨hler varieties of K3 type,
induces a mirror symmetry between the Calabi–Yau 4-folds YS . The answer is no
in both cases: let us consider a pair (S, ιS) and its mirror pair (Sˇ, ιˇS). As we noticed
this implies thatN = Nˇ ′, N ′ = Nˇ and one can directly check on the Hodge numbers
given in Theorem 5.1 that this transformation does not give the required relations,
i.e. one obtains that in general h1,1(YS) 6= h
3,1(YSˇ) and h
2,2(YS) 6= h
2,2(YSˇ).
The situation is more complicated in the case of the mirror symmetry on hy-
perka¨hler varieties of K3 type, since in order to compute the Hodge numbers of the
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4-folds obtained as quotient of a deformation of S[2] by a non natural involution
i, one needs a good description of the fixed locus (in order to compute the Hodge
diamond of a resolution of S[2]/i). In general this is not available, but it suffices
to test the mirror symmetry in the unique explicit case that we have, in order to
show that it does not hold.
The first possible test fails: let S be a K3 surface with a non symplectic involution
ιS such that the numbers associated to its fixed locus areN = 10 andN
′ = 2. Under
these conditions h3,1(YS) = 3. The lattice theoretic mirror of the pair (S
[2], ι
[2]
S ) is
the pair (V, ιV ) where V is a hyperka¨hler 4-fold of K3 type with NS(V ) ≃ U and ιV
is the non natural symplectic involution on it described by Ohashi and Wandel in
[45]. For this involution t1,1 = 2 (indeed the subspace of H
1,1(V )ιV is the Ne´ron–
Severi group). Moreover Ohashi and Wandel proved that the fixed locus of this
involution consists of 2 disjoint surfaces, so h1,1(V˜/ιV ) = 2+ 2 = 4 6= 3 = h
3,1(YS).
In a certain sense it is not very surprising that the mirror symmetry of YS can
not be deduced by the mirror symmetry of S or of S[2]. Indeed, the space of the
complex (resp. Ka¨hler) deformations of YS includes not only deformations which
come from S but also some deformations coming from the deformations of ZS and
some coming from deformations of S[2]. Since the two mirror constructions, of ZS
and of S[2] respectively, are not compatible, it seems reasonable that none of these
two gives the right one for YS .
6. Quotients of S × S and covers of these quotients
Since the 4-folds S[2], YS , ZS and Z˜S/σS are obtained as desingularizations of
the quotients of S×S by an automorphism of S×S, we now consider a subgroup of
Aut(S×S) and the quotients of S×S by this subgroup. From our geometric setting
a natural choice for the subgroup involves ιS×ιS , σ and ιS×id. By Proposition 6.1,
due to Oguiso, this is also the ”maximal” choice for a generic K3 surface with an
involution. Indeed, if S is general among the K3 surfaces admitting an involution
(i.e. it is generic either among the 〈2〉-polarized K3 surfaces or among the U -
polarized K3 surfaces or among the U(2)-polarized K3 surfaces), then Aut(S) = 〈ιS〉
and thus the subgroup described coincides with Aut(S × S).
For every K3 surface admitting a non symplectic involution ιS , we will consider
the quotients by D8 = 〈ιS × id, σ〉 and by its subgroups. Let W be the smooth
surface S/ιS . We observe that (S × S) /〈ιS × id, σ〉 ≃W
(2). Then we describe the
singular models of S[2], YS , ZS as covers of S×S/〈ιS× id, σ〉 under the assumption
that the fixed locus of ιS is connected (see Proposition 6.3). In a very particular
case, i.e. if ιS is a fixed point free involution, and so W is an Enriques surface, this
allows us to prove that Z˜S/σZ is in fact isomorphic (and not only birational) to
YS (see Proposition 6.4) and to show that YS is indeed the universal cover of W
[2]
mentioned in [44, Theorem 3.1].
Proposition 6.1. [43, Theorem 4.1] The automorphism group of S×S is Aut(S×
S) ≃ 〈σ〉 ⋊Aut(S)2.
Remark 6.2. If Aut(S) ≃ Z/2Z, then Aut(S × S) ≃ D8.
24 CHIARA CAMERE, ALICE GARBAGNATI, AND GIOVANNI MONGARDI
The group D8 ≃ 〈ιS × id, id×ιS , σ〉 contains the following elements:
g1 := id× id : (p, q) 7→ (p, q) g2 := σ : (p, q) 7→ (q, p)
g3 := ιS × id : (p, q) 7→ (ιS(p), q) g4 := σ ◦ (ιS × id) : (p, q) 7→ (q, ιS(p))
g5 := id×ιS : (p, q) 7→ (p, ιS(q)) g6 := σ ◦ (id×ιS) : (p, q) 7→ (ιS(q), p)
g7 := ιS × ιS : (p, q) 7→ (ιS(p), ιS(q)) g8 := σ ◦ (ιS × ιS) : (p, q) 7→ (ιS(q), ιS(p))
We observe that g2, g3, g5, g7, g8 have order two, while g4 and g6 have order 4
(g34 = g6) and their square is g7. The subgroup 〈g7〉 is the center of the group,
in particular it is normal. The other normal subgroups are 〈g7, g2〉 ≃ (Z/2Z)2,
〈g3, g7〉 ≃ (Z/2Z)2 and 〈g4〉 ≃ Z/4Z.
We denote by gi the automorphisms induced by gi on the quotients of S × S by
a certain subgroup of D8; we obtain the following diagram, where all the arrows
are quotients of order two:
S × S
/g8tt❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
γ1:=/g2
rr❡❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
α1:=/g7
 /g5 ((PP
PP
PP
PP
PP
PP
P
/g3
++❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
S(2)
γ2:=/g7 ''PP
PP
PP
PP
PP
PP
P
(S × S)/(σ ◦ (ιS × ιS))
/g2

(S × S)/(ιS × ιS)
β2:=/g2
uu❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥
α2:=/g3
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
S ×W
/g7

W × S
/g7
zz✉✉
✉✉
✉✉
✉✉
✉✉
✉
S(2)/ι
(2)
S
β3:=/g3
))❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
W ×W
α3:=/g2
ww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
W (2)
(2)
The 4-folds S(2), (S×S)/(σ ◦ (ιS × ιS)), (S×S)/(ιS× ιS) and W
(2) are singular
along surfaces and admit the crepant resolutions S[2], ˜(S × S)/(σ ◦ (ιS × ιS)), ZS
andW [2] respectively. We already proved that ˜(S × S)/(σ ◦ (ιS × ιS)) is isomorphic
to S[2]. The singular quotient S(2)/ι
(2)
S is birational to the Calabi–Yau 4-fold YS .
All the other 4-folds which appear in the diagram are smooth.
The 4 : 1 map (S × S)/(ιS × ιS) → W
(2) is the quotient map by the group
(Z/2Z)2 ≃ D8/g7. There are also some 4 : 1 maps which are induced by this
diagram, but which are not quotient maps (i.e. the target space is not the quotient
of the domain by the action of a group of order 4 defined over the domain): by the
previous diagram both S(2) → W (2) and (S × S)/(σ ◦ ιS × ιS)→ W
(2) have order
4.
There is a 2 : 1 quotient map S(2)/ι2S to W
(2).
There is a map (S×S)/(ιS×ιS)→W , obtained by composing (S×S)/(ιS×ιS)→
W × W with the projection on one factor W × W → W . The generic fiber of
(S × S)/(ιS × ιS)→W is isomorphic to S.
6.1. Covers. We recall that W ≃ S/ιS is a smooth surface. Let us consider W
(2),
i.e. (W ×W )/σ. This is a 4-fold, singular along a surface isomorphic to W , image
of the diagonal under the quotient map W ×W →W (2).
By diagram (2), it is clear that W (2) is the quotient of S × S by the group
〈ι× id, σ〉 ≃ D8.
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Here we want to describe the 4-folds involved in our construction as covers,
starting by the 4-fold W (2).
We will consider the following quotient maps:
S × S
α1→ (S × S)/(ι× ι)
α2→W ×W
α3→W (2);(3)
S × S
α1→ (S × S)/(ι× ι)
β2
→ S(2)/ι(2)
β3
→W (2);
S × S
γ1
→ S(2)
γ2
→ S(2)/ι(2)
β3
→W (2);
and the following subspaces in S × S:
∆S := {(p, p)|p ∈ S} ≃ S;
ΓS := {(p, ιS(p))|p ∈ S} ≃ S;
∆C := {(p, p)|p ∈ Fixι} ≃ Fixι;
(the notation comes from the special case where Fixι consists of a curve C)
BC := {(p, q)|p ∈ Fixι(S), q ∈ Fixι(S)} ≃ Fixι(S)× Fixι(S);
T1 := {(p, q)|p ∈ Fixι(S), q ∈ S} ≃ Fixι(S)× S;
T2 := {(p, q)|p ∈ S, q ∈ Fixι(S)} ≃ S × Fixι(S).
The map πtot : S×S →W
(2) coincides with each of the compositions: α3◦α2◦α1,
β3 ◦ β2 ◦ α1 and β3 ◦ γ2 ◦ γ1.
We also remark that Sing(W (2)) = πtot(∆S) = πtot(ΓS). In the following we will
assume that Fixι(S) consists of one smooth irreducible curve and we will prove the
following proposition.
Proposition 6.3. Let (W,C) be a pair such that: W is a smooth surface; C is a
smooth curve in W ; there exists the double cover of W branched on C and it is a
K3 surface S. Let ιS be the cover involution of S →W .
Let us denote by Ttot the image of (W × C) ∪ (C ×W ) ⊂ W ×W under the
quotient map W ×W →W (2).
The double cover of W (2) branched along Ttot is a singular 4-fold V1 which is sin-
gular along three surfaces A1, A2, A3, all meeting transversally in the same curve,
isomorphic to C. Two of the singular surfaces, say A1 and A2, are isomorphic to
W , the third to C(2). There exists a crepant resolution of V1 which is a Calabi–Yau
4-fold. The 4-fold V1 is isomorphic to S
(2)/ι(2) and is birational to YS.
The double cover of V1 branched in the union of A3 ≃ C
(2) and one other singular
surface (Ai, with either i = 1 or i = 2) is a singular 4-fold V2. The 4-fold V2 is
singular along a surface and the blow up of V2 in its singular locus is a hyperka¨hler
4-fold, isomorphic to S[2]. In particular, V2 ≃ S
(2).
The double cover of V1 branched along the union of A1 ≃ W and A2 ≃ W is
a singular 4-fold V3. The 4-fold V3 is singular along a surface and the blow up of
V3 in its singular locus is a Calabi–Yau 4-fold, isomorphic to ZS. In particular
V3 ≃ (S × S)/(ιS × ιS).
The double cover of V2 branched along its singular locus, coincides with the double
cover of V3 branched along its singular locus and it is S × S.
Proof. The proof is based on the diagram (2) and the details on the branch of the
2 : 1 covers are given in Sections 6.1.1, 6.1.2 and 6.1.3, where we use the notation
introduced in (3). 
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6.1.1. V1 ≃ S
(2)/ι
(2)
S as double cover of W
(2). The threefold Ttot := πtot(T1) =
πtot(T2) ⊂W
(2) meets the singular locus of W (2) in the curve πtot(∆C). Moreover
we observe that it is a singular threefold and its singular locus is πtot(BC).
By diagram (2), the double cover of W (2) branched along Ttot is the 4-fold
S(2)/ι
(2)
S . The inverse image of Sing(W
(2)) consists of two surfaces (which are
β2(α1(∆S)) and β2(α1(ΓS))) meeting along the inverse image of Ttot ∩ Sing(W
(2)),
which is the curve β3(β2(α1(∆C)))). These two surfaces are singular for S
(2)/ι
(2)
S
and intersects along a curve which is β2(α1(∆C)). They are β2(α1(∆S)) ≃W and
β2(α1(ΓS)) ≃W .
But the singularities of S(2)/ι
(2)
S do not consist only of the surfaces β2(α1(∆S))
and β2(α1(ΓS)). Indeed, we already remarked that the branch threefold Ttot is
singular along a surface, which is πtot(BC) 6⊂ Sing(W
(2)). Hence, the 2 : 1 cover
S(2)/ι
(2)
S → W
(2) is singular along the inverse image of this surface. Thus, we
have a third singular surface in S(2)/ι
(2)
S , which is β2(α1(BC)) and it is isomorphic
to C(2). This third singular surface intersects the other two singular surfaces in
their common intersection, i.e. in the curve β2(α1(∆C)). The intersection among
these three surfaces is transversal, since they are images of surfaces on S×S which
generically have no common tangent directions.
6.1.2. V2 ≃ S
(2) as double cover of V1 ≃ S
(2)/ι
(2)
S (and thus as 4 : 1 cover of W
(2)).
The 4-fold S(2)/ι
(2)
S is singular in three surfaces, which intersect in β2(α1(∆C))
and which are β2(α1(∆S)), β2(α1(ΓS)) and β2(α1(BC)). The same surfaces can be
described also as γ2(γ1(∆S)), γ2(γ1(ΓS)) and γ2(γ1(BC)).
Let us now consider the double cover of S(2)/ι
(2)
S branched along γ2(γ1(ΓS)) ∪
γ2(γ1(BC)). By diagram (2), we obtain a 4-fold which is S
(2). It is singular in
γ1(∆S) ≃ S, indeed the quotient map γ2 : S
(2) → S(2)/ι
(2)
S restricts to a 2 : 1 map
between γ1(∆S) ≃ S and γ2(γ1(∆S)) ≃W , branched along γ2(γ1(∆C)).
6.1.3. V3 ≃ (S × S)/(ιS × ιS) as double cover of V1 ≃ S
(2)/ι
(2)
S (and thus as 4 : 1
cover of W (2), via S(2)/ι
(2)
S ). Similarly to what we did in the previous paragraph,
one can consider two surfaces among the three singular surfaces in S(2)/ι
(2)
S and
consider the double cover branched along these two surfaces. In particular, let us
consider the double cover of S(2)/ι
(2)
S branched along β2(α1(∆S))∪β2(α1(ΓS)). We
obtain a 4-fold which is (S×S)/(ιS× ιS). It is singular in α1(BC) ≃ C×C, indeed
the quotient map β2 : (S×S)/(ιS× ιS)→ S
(2)/ι
(2)
S restricts to a 2 : 1 map between
α1(BC) ≃ S and β2(α1(BC)) ≃ C
(2), branched along β2(α1(∆C)).
6.1.4. V2 ≃ (S × S)/〈ιS × ιS ◦ σ〉) as double cover of V1 ≃ S
(2)/ι
(2)
S (and thus as
22 : 1 cover of W (2)). The third (and last) possible choice is to consider the double
cover of S(2)/ι
(2)
S branched along β2(α1(BC)) ∪ β2(α1(∆S)). We obtain a 4-fold
which is (S × S)/〈ιS × ιS ◦ σ〉 and is isomorphic to S
(2) ≃ V2 by Proposition 5.4.
6.1.5. (S×S)/(ιS×ιS) as 4 : 1 cover ofW
(2), viaW×W . Let us consider the double
cover of W (2) branched along Sing(W (2)). This is the smooth fourfoldW ×W . Let
us consider the (singular) threefold Ttot := α3(α2(α1(T1))) = α3(α2(α1(T2))), which
intersects the singular locus of W (2) in α3(α2(α1(∆C))) ≃ C. In the double cover
W ×W , Ttot splits in the two threefolds α2(α1(T1)) and α2(α1(T2)), meeting along
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the surface α2(α1(BC)) (which is in fact the surface mapped on the singularity
of Ttot). The fourfold (S × S)/(ιS × ιS) is the double cover of W ×W branched
along the union of the two threefolds over α2(α1(T1)) and α2(α1(T2)) (i.e. along
the two inverse images of Ttot in the double cover W ×W → W
(2)). These two
threefolds meet along the surface (α2(α1(BC)) ≃ C × C , thus the double cover
(S × S)/(ιS × iotaS) is singular along the surface inverse image of α2(α1(BC)) ≃
C × C.
6.2. A very special case: ιS is an Enriques involution. We now focus on the
case where ιS is an Enriques involution of S (which is by definition a non symplectic
involution such that the fixed locus of ιS is empty). The quotient surfaceW ≃ S/ιS
is an Enriques surface (a regular surface with the canonical bundle which is a 2-
torsion bundle).
Proposition 6.4. If ιS is an Enriques involution on S, then YS is isomorphic to
Z˜S/σZ and they are the blow up of the non ramified double cover of W
(2) in its
singular locus.
Proof. Both YS and Z˜S/σZ are desingularizations of S
(2)/ι
(2)
S . The canonical bun-
dle of W (2) is a 2-torsion bundle which induces the 2 : 1 cover S(2)/ι(2) → W (2),
thus S(2)/ι(2) is singular along two surfaces (mapped to Sing(W (2))). These sur-
faces are β2(α1(∆S)) and β2(α1(ΓS). Since S
(2)/ι(2) →W (2) is an unramified cover
(or since FixιS (S) is empty), the surfaces β2(α1(∆S)) and β2(α1(ΓS) are disjoint.
In order to construct YS , one first constructs S
[2] as blow up of S(2) in its singular
locus, which is γ1(∆S). Then one constructs the quotient S
[2]/ι
[2]
S and blow up its
singular locus, which is mapped on S(2)/ι
(2)
S to γ1(γ2(ΓS)). So YS is isomorphic
to S(2)/ι
(2)
S blown up in the two disjoint surfaces γ1(γ2(∆S)) ≃ α1(β2(∆S)) and
γ1(γ2(ΓS)) ≃ α1(β2(ΓS)).
In order to construct Z˜S/σZ , one first constructs the smooth quotient (S ×
S)/(ιS × ιS), then one considers the quotient β2 : (S × S)/(ιS × ιS) → S
(2)/ι
(2)
2
and finally one blows up the two singular surfaces α1(β(∆S)) and α1(β(ΓS)) of
S(2)/ι
(2)
2 .
So both YS and Z˜S/σZ are the blows up of S
(2)/ι
(2)
S in its two disjoint singular
surfaces. 
We remark that YS ≃ Z˜S/σS (blow up of S
(2)/ι
(2)
S in its singular locus) is exactly
the universal cover of W [2] (blow up of W (2) in its singular locus), whose existence
is proven in [44, Theorem 3.1].
7. Projective models
The aim of this section is to describe some explicit models of the 4-folds con-
structed relating the geometric description given by the diagram (2) and by Propo-
sition 6.3 with the description of the cohomology on S[2], ZS and YS , given Sections
5.5, 5.1 and 5.2.
The main results of this Section are of two different types: first we consider
divisors induced on the 4-folds S[2], ZS and YS by nef and big divisors on S and
we compute their characteristic (Proposition 7.3) and in some cases the dimension
of their linear system (Theorem 7.5). Thus we give an explicit formulation of
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Riemann-Roch theorem in our context. Then we apply these general results to
specific examples of divisors and K3 surfaces S, in Sections 7.2, 7.3 and 7.4. In some
particular cases we also gives explicit equations for some of the 4-folds constructed,
see Section 7.2.1 and proof of Propositions 7.11 and 7.13.
If a K3 admits a non symplectic involution ιS , then S is contained in at least
one of these connected components of the moduli spaces of K3 surfaces: S is a 〈2〉-
polarized K3 surface and in this case S/ιS is generically isomorphic to P2; S is a
U(2)-polarized K3 surface and in this case S/ιS is generically isomorphic to P1×P1;
S is a U -polarized K3 surface and in this case S/ιS is generically isomorphic to the
Hirzebruch surface F4. We analyze these different situations in Sections 7.2, 7.3
and 7.4 respectively.
7.1. Results on divisors and linear systems. Assume now that there is the
following commutative diagram:
E˜ 

//
β|E˜

V˜
β

pi
// X
β′

Σ


j
// V
pi′
// V/α
,
with:
• V a smooth 4-fold with c1(V ) = 0 (in the sequel it will be either V =
S × S, ZS or S
[2]);
• α ∈ Aut(V ) a period preserving involution (in the sequel it will be either
α = σ, σZ or ιS × ιS);
• Σ the smooth surface fixed by α in V , embedded via j;
• β : V˜ → V the blow-up of V along Σ;
• E˜ the exceptional divisor over Σ;
• π′ : V → V/α the quotient map; V/α is singular in π′(Σ),
• β′ : X → V/α the blow up of V/α in its singular locus, π′(Σ);
• X = V˜ /α˜, where α˜ is the involution induced by α on V˜ and π : V˜ → X is
the quotient map;
• c1(X) = 0, as it will be the case in our application.
The map π : V˜ → X is a double cover ramified along E˜ and branched along the
exceptional divisor E of the blow up β′ : X → V/α. In particular π(E˜) ≃ E.
Let D be a divisor on V invariant for α; we set D˜ := β∗D and denote by DX
the divisor on X such that π∗DX = D˜ = β
∗D.
Lemma 7.1. If D is big and nef on V , then DX is big and nef on X.
Proof. The ample (or big and nef) divisors on V which are invariant for an auto-
morphism α ∈ Aut(V ), descend to ample (or big and nef) divisors on the quotient
V/α. In particular, bigness of nef divisors is preserved under finite quotient maps
by [33, Prop. 2.61], as the sign of the top self intersection does not change. These
divisors on the possibly singular quotient V/α induce nef divisors on X , and bigness
is a birational invariant (see e.g. [33, Defn. 2.59 and Lemma 2.60]).

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For a divisor D on a fourfold X with c1(X) = 0, the Riemann–Roch formula
(see for example [24, Corollary 15.2.1]) is
(4) χ(D) =
D4
24
+
1
24
D2.c2(X) + χ(OX)
If X is Calabi–Yau, χ(OX) = 2, and if X = S × S, χ(OX) = 4.
Moreover, for a divisor D on a fourfold of K3 type, the Riemann-Roch formula
can be written in terms of the Beauville–Bogomolov–Fujiki quadratic form q on
H2(S[2],Z):
χ(D) =
1
8
(q(D) + 4)(q(D) + 6).
We want now to compute χ(DX) in terms of χ(D), and to do so we need to
understand Chern classes of X in terms of Chern classes of V .
Proposition 7.2. Under the above assumptions, we have
c2(X) =
1
2
π∗β
∗c2(V ) +
1
2
π∗β
∗j∗[Σ]− π∗([E˜]
2).
Proof. We apply the theory explained in [19, §3.5] (see also [14]): note that π is a
double cover branched along the smooth divisor E. Then there is L ∈ Pic(X) such
that L⊗2 = O(E) and π∗TV˜ = TX ⊗ L
−1 ⊕ TX(logE), with
0 // TX(logE) // TX // NE|X // 0
Since c1(X) = 0 we have c1(TX(logE)) = −c1(NE|X) = −c1(OE(E)). From the
exact sequence
0 // OX // OX(E) // OE(E) // 0
we deduce c1(OE(E)) = [E], c2(OE(E)) = 0.
Hence, c1(TX(logE)) = c1(X)− c1(NE|X) = −E and
c2(TX(logE)) = c2(X)− c2(NE|X)− c1(NE|X)c1(TX(logE)) = c2(X) + E
2.
Next, we use the following formula for the tensor product of a vector bundle and
a line bundle: ch(V ⊗ L) = ch(V ) ∗ ch(L), from which:
c1(TX ⊗ L
−1) = rankTX ∗ c1(L
−1) + c1(X) = −4c1(L) = −2E,
c2(TX ⊗ L
−1) = c2(X) + 3c1(X)c1(L
−1) +
(
4
2
)
c1(L
−1)2 = c2(X) +
3
2
E2
And we thus obtain:
c1(π∗TV˜ ) = c1(TX ⊗ L
−1) + c1(TX(logE)) = −3E,
c2(π∗TV˜ ) = c2(TX ⊗ L
−1) + c2(TX(logE)) + c1(TX ⊗ L
−1)c1(TX(logE)) =
= 2c2(X) +
9
2
E2.
Since π is finite, Riπ∗TV˜ = 0 for i > 0 and we can apply Grothendieck–Riemann–
Roch theorem [24, Theorem 15.2]:
ch(π∗TV˜ ) Td(TX) = π∗(ch(V˜ ) Td(TV˜ )), i.e.
[8− 3E +
1
2
(−3E)2 − 2c2(X)−
9
2
E2 + . . . ][1 +
1
12
c2(X) + . . . ] =
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π∗[(4 + c1(V˜ ) +
1
2
c1(V˜ )
2 − c2(V˜ ) + . . . )(1 +
1
2
c1(V˜ ) +
1
12
c1(V˜ )
2 +
1
12
c2(V˜ ) + . . . )]
which yields the following formulas:
π∗c1(V˜ ) = −E, c2(X) = −π∗(c1(V˜ )
2) +
1
2
π∗(c2(V˜ )).
Finally, we remark that, by [24, Example 15.4.3], c2(V˜ ) = β
∗c2(V ) + β
∗j∗[Σ],
and this ends the proof. 
Proposition 7.3. With the notation above, we have
χ(DX) =
1
2
χ(D) +
1
16
(D|Σ)
2 −
1
2
χ(OV ) + χ(OX).
Proof. By Riemann–Roch (4), χ(DX) =
1
24D
4
X +
1
24D
2
X .c2(X) + χ(OX).
By [15, Proposition 1.10], D˜4 = (π∗DX)
4 = 2D4X , and on the other hand D˜
4 =
D4 by [24, find statement], hence D4X =
1
2D
4.
We need now to compute D2X .c2(X). We use Proposition 7.2, projection formula
[24, Proposition 8.3(c)] and the fact that π∗E = 2E˜ and π∗E˜ = E, getting:
D2X .π∗β
∗c2(V ) = π∗(D˜
2.β∗c2(V )) = D
2.c2(V ),
D2X .π∗β
∗j∗[Σ] = π∗(D˜
2.β∗j∗[Σ]) = π∗(β
∗(D2.j∗[Σ])) = π∗(β
∗((D|Σ)
2)),
D2X .π∗([E˜]
2) = D2X .π∗(
1
2
π∗E.E˜) =
1
2
D2X .E
2 =
1
2
π∗(D˜
2.E˜2) = −
1
2
π∗(β
∗((D|Σ)
2)).
where last equality follows from [1, Lemma 1.1]. We plug everything into (4) and
obtain:
χ(DX) =
1
48
D4 +
1
48
D2.c2(V ) +
1
16
(D|Σ)
2 + χ(OX).

Let HS be a divisor on S. In the sequel we will use the following notations:
• H1,S×S (resp. H2,S×S) is the divisor HS ⊗ H
0,0(S) ∈ NS(S × S) (resp.
H0,0(S)⊗HS ∈ NS(S × S));
• HX is the divisor respectively on X = S
[2], ZS such that π
∗(HX) =
β∗(H1,S×S +H2,S×S) ⊂ NS(S˜ × S);
• HY is the divisor on YS such that π
∗(HY ) = β
∗HS[2] ⊂ NS(S˜
[2]);
• H1,Z , H2,Z are the divisors on ZS such that π
∗(Hi,Z) = β
∗(Hi, S × S) ⊂
NS(S˜ × S).
A straightforward application of Lemma 7.1 yields the following:
Corollary 7.4. Let HS be an ample (or big and nef) divisor on S. The divisor
H1,S×S +H2,S×S is ample (or big and nef) on S × S, and HS[2] is big and nef on
S[2].
If moreover we assume that HS ∈ NS(S) is invariant for ιS , then HZ and HY
are big and nef divisors.
To avoid confusion, in the following Proposition we will denote the self intersec-
tion product between divisors by (H ·H) (and not by H2). Moreover we will use
the following notation: hΣS×S (resp. hΣ1,S×S , hΣZ ) denote the number of points
in the intersection of the surface ΣS×S ≃ FixιS (S) × FixιS (S) ⊂ S × S (resp.
ΣS×S ≃ FixιS (S)× FixιS (S) ⊂ S × S, ΣZ ≃ FixσZ (Z) ⊂ Z) and a surface equiva-
lent to (H1,S×S +H2,S×S)
2
(resp. H21,S×S , H
2
Z).
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Theorem 7.5. Let H be a nef and big ιS-invariant divisor on S. Then
h0(HS[2]) =
1
8 ((H ·H) + 4) ((H ·H) + 6) ,
h0(HZ) =
1
2
(
h0(H)
)2
+ 116hΣS×S ,
h0(HY ) =
1
2h
0(HZ) +
1
16hΣZ + 1 =
1
4
(
h0(H)
)2
+ 132hΣS×S +
1
16hΣZ + 1.
Proof. Since H is big and nef, by Kawamata–Viehweg vanishing theorem χ(H) =
h0(H). Similarly, by Corollary 7.4, χ(HX) = h
0(HX) for X = S
[2], ZS , YS since
these divisors are are big and nef. Now the proposition is a trivial application of
Proposition 7.3. 
Remark 7.6. The divisor H1,Z is not necessarily big and nef, thus we can not
assume that χ(H1,Z) = h
0(H1,Z). However, one can compute χ(H1,Z) as one
computes h0 in Theorem 7.5 for the divisors HZ , HS[2] , HY . Thus one obtains
χ(H1,Z) =
1
2χ(H) +
1
16hΣ1,S×S .
Remark 7.7. The map induced by the linear systems of HX , for X = S
[2], ZS, YS
and H1,Z contracts the exceptional divisors introduced by the blow up β on these
varieties. So all of them factorizes through the singular models described in diagram
(2). In particular ϕ|H
S[2]
| defines a map on S
(2), ϕ|HZ | and ϕ|H1,Z | define maps on
(S × S)/(ιS × ιS) and ϕ|HY | defines a map on (S
(2))/(ι
(2)
S ) ≃ (S × S)/〈σ, ιS × ιS〉.
The target spaces of the map ϕ|HX |, for X = S
[2] (resp. ZS , YS) is a copy of W
(2)
(resp. W ×W , W (2)) embedded in a projective space.
7.2. ιS is the cover involution of the 2 : 1 map S → P2. Let us now assume
that ιS fixes on S one curve of genus 10. In this case, generically, NS(S) ≃ 〈2〉 ≃ ZH
and ϕ|H| : S → P
2 is a 2 : 1 cover branched along a smooth plane sextic denoted
by B. So H is an ample divisor, h0(H) = 3, W ≃ P2, C is a genus 10 curve,
isomorphic to a plane sextic and the class of C in NS(S) is 3H .
The automorphisms group Aut(S × S) is D8 and the admissible quotients are
described in Proposition 6.3.
Let us denote by i2 : P2 × P2 → P5 the map ((x0 : x1 : x2), (y0 : y1 : y2)) 7→
(x0y0 : x0y1 + x1y0 : x0y2 + x2y1 : x1y1 : x1y2 + x2y1 : x2y2) which exhibits (P2)(2)
as subvariety of P5.
Proposition 7.8. The map ϕ|H
S[2]
| : S
[2] → P5 is a 22 : 1 cover of i2((P2)(2)) ⊂ P5
branched on the image of i2(B × B). It contracts the exceptional divisors, thus it
factorizes through S(2) inducing a 4 : 1 map S(2) →W (2) (cf. diagram (2)).
The map ϕ|HZ | : ZS → P
8 is a 2 : 1 map onto P2 × P2 embedded in P8 by the
Segre embedding. The branch of ϕ|HZ | : ZS → P
2×P2 ⊂ P8 is the image of B×B by
the Segre embedding. This map contracts the exceptional divisors, thus it factorizes
through (S × S)/(ιS × ιS) inducing the 2 : 1 map (S × S)/(ιS × ιS) → (W ×W )
(cf. diagram (2)).
The map ϕ|HY | : YS → P
5 is a 2 : 1 map to (P2)(2), embedded in P5 by i2. The
branch locus of ϕ|HY | is i2(B×B). This map contracts the exceptional divisors, thus
it factorizes through (S×S)/〈ιS×ιS , σ〉 inducing the 2 : 1 map (S×S)/〈ιS×ιS , σ〉 →
W (2) (cf. diagram (2)).
Proof. By Remark 7.7 one obtains that the map described contracts the exceptional
divisors and are defined on the singular models of the 4-folds considered. The
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number h0(HS[2]) can be computed by Theorem 7.5. The image of ϕ|H
S[2]
| is (P
2)(2)
by the commutativity of the diagram
S × S
ϕ|H|×ϕ|H|
4:1
//
2:1

P2 × P2
2:1

S(2)
ϕ
|H
S[2]
|
4:1
// (P2)(2)
.
In order to compute h0(HZ) one has to recall that the class of FixιS(S)×FixιS(S) ⊂
S×S is (3H1,S)(3H2,S), so hΣS×S = (H1,S+H2,S)
2(3H1,S)(3H2,S) = 9(H
3
1,SH2,S+
H32,SH1,S+2H
2
1,SH
2
2,S). Since Hi,S is the pull-back of a divisor on S, H
3
i,S = 0 and
H21,SH
2
2,S = 2
2 since H2 = 2 on S. Thus hΣS×S = 9 · 2 · 4 = 72. By Theorem 7.5,
h0(HZ) =
9
2 +
72
16 = 9. The image of ϕ|HZ | is P
2 × P2 by the commutativity of the
diagram
S × S
ϕ|H|×ϕ|H|
4:1
//
2:1

P2 × P2
(S × S)/(ιS × ιS).
ϕ|HZ |
2:1
66♥♥♥♥♥♥♥♥♥♥♥♥♥
In order to compute h0(HY ) one has to recall that σZ fixes on Z the image of
∆S ⊂ S × S and the image of ΓS ⊂ S × S. First we observe that on S × S it
holds (H1,S +H2,S)
2∆S = (H1,S +H2,S)
2ΓS = 4(H ·H), which in our case implies
(H1,S + H2,S)
2∆S = (H1,S + H2,S)
2ΓS = 8. Then we observe that, since H is a
movable divisor, generically the points in (H1,S +H2,S)
2∆S and (H1,S +H2,S)
2ΓS
are not contained in the fixed locus of ιs × ιS , the involution ιS × ιS is non trivial
on these points and the quotient by ιS × ιS identifies pairs of these points. Hence
the intersection between HZ and the image of ∆S (resp. ΓS) in Z consists of 4
points and thus hΣZ = 4+ 4 = 8. By Theorem 7.5, h
0(HY ) =
9
2 +
8
16 + 1 = 6. The
image of ϕ|HY | is (P
2)(2) by the commutativity of the diagram:
S × S
ϕ|H|×ϕ|H|
4:1
//
2:1

P2 × P2
2:1
// (P2)(2) 
 i // P5
(S × S)/〈ιS × ιS〉
2:1
// (S × S)/〈ιS × ιS , σ〉
2:1
66♥♥♥♥♥♥♥♥♥♥♥♥
.

Remark 7.9. The map ϕH1,Z contracts the exceptional divisor and induces on
(S × S)/(ιS × ιS) the map (S × S)/(ιS × ιS) → W ≃ P2 whose generic fibers are
isomorphic to S. Since H1,Z is not a big divisor, we do not know a priori that
χ(H1,Z) = h
0(H1,Z). In any case we observe that the geometric description of the
map ϕ|H1,Z | suggests that h
0(H1,Z) should be 3 and applying Remark 7.7 one finds
χ(H1,Z) = 3. Indeed by Ku¨nneth formula one finds h
0(H1,S) = 3, h
i(H1,S) = 0,
i = 1, 3, 4 and h2(H1,S) = 3, and since hΣ1,S×S = 0, one obtains χ(H1,Z) =
χ(H1,S)/2 = 6/2.
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7.2.1. A special case: S is the double cover of P2 branched on a line and a (possibly
reducible) quintic. In this case the hypotheses of Proposition 6.3 are not satisfied,
since the fixed locus of ιS contains at least 2 curves. On the other hand there is a
nice birational description of the Calabi–Yau involved in our construction. So let
us assume that S is the double cover of P2 branched along a line and a quintic.
In this case W is a blow up of P2, and if the quintic is smooth and intersects
the line transversally, it is a blow up of P2 in 5 (collinear) points. We denote by
pi : S × S → S the i-th projection. An equation of a birational (singular) model of
S ≃ p1(S × S) is given by
X2 = x0f5(x0 : x1 : x2)
which exhibits S as double cover of P2(x0:x1:x2). Let us denote by Y
2 = y0f5(y0 :
y1 : y2) the analogous equation for S ≃ p2(S × S). The action of ιS × ιS is given
by (X, (x0 : x1 : x2);Y, (y0 : y1 : y2))→ (−X, (x0 : x1 : x2);−Y, (y0 : y1 : y2)).
We now consider the affine equation of p1(S × S) and p2(S × S) obtained by
putting x0 = 1 and y0 = 1. The invariant functions for ιS × ιS are Z := XY ,
a1 = x1, a2 = x2, a3 = y1, a4 = y2. Then a birational equation for (S×S)/(ιS×ιS)
(and thus a birational model of ZS), is given by
Z2 = f5(1 : a1 : a2)f5(1 : a3 : a4).
This equation exhibits ZS as double cover of the affine subspace of P4(a0:a1:a2:a3:a4)
given by a0 = 1. It is clearly possible to introduce the variable a0 in order to obtain
a homogenous polynomial F10(a0 : a1 : a2 : a3 : a4) of degree 10 which reduces to
f5(1 : a1 : a2)f5(1 : a3 : a4) if a0 = 1. So ZS is birational to a 2 : 1 cover of P4
branched along a (possibly singular) 3-fold of degree 10, denoted by B.
On P4, the map σP4 : (a0 : a1 : a2 : a3 : a4) 7→ (a0 : a3 : a4 : a1 : a2) acts
preserving the homogeneous polynomial F10(a0 : a1 : a2 : a3 : a4). The map
σZ is induced on ZS by the projective map σP4 . Denoted by π the quotient map
π : P4 → P4/σP4 , we obtain that ZS/σZ and YS are birational to a double cover of
π(P4) branched over π(V (F10(a0 : a1 : a2 : a3 : a4))) (where V (F10(a0 : a1 : a2 :
a3 : a4)) is the zero locus of the polynomial F10).
In order to better describe P4/σP4 it is convenient to apply the changes of co-
ordinates b0 := a0, b1 := (a1 + a2)/2, b2 := (a3 + a4)/2, b3 := (a1 − a2)/2,
b4 := (a3 − a4)/2. With these new coordinates σP4 is the map σP4 : (b0 : b1 :
b2 : b3 : b4) 7→ (b0 : b1 : b2 : −b3 : −b4), and P4/σP4 is mapped to the 4-dimensional
singular subspace of P8(z0:...:z8) given by the set-theoretic complete intersection of
4 singular quadrics M := V (z0z1 = z
2
5 , z0z2 = z
2
6 , z1z2 = z
2
7 , z3z4 = z
2
8), where
zi := b
2
i for i = 0, . . . , 4, z5 := b0b1, z6 := b0b2, z7 := b1b2, z8 := b3b4. The space M
is singular, Sing(M) = (M ∩ V (z0, z1, z2, z5, z6, z7)) ∪ (M ∩ V (z3, z4, z8)).
The image of V (F10) under the quotient map is a 3-fold T of degree 5 in P8,
Then YS is birational to a double cover of M branched along M ∩ T .
7.3. ιS is the cover involution of the 2 : 1map S → P1×P1. Let us now assume
that ιS fixes on S one curve of genus 9 isomorphic to the branch curve B, which
has bidegree (4, 4) in P1 × P1. In this case, generically, NS(S) ≃ U(2) ≃ Zl ⊕ Zm
and ϕ|l+m| : S → P
1×P1 ⊂ P3 is a 2 : 1 map on the image and P1×P1 is embedded
in P3 by the Segre embedding. We denote H := l+m ∈ NS(S). The branch divisor
of the 2 : 1 cover S → P1 × P1 ⊂ P3 is thus represented by 2H . We observe that
W ≃ P1 × P1.
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The automorphisms group Aut(S × S) is D8 and the admissible quotients are
described in Proposition 6.3.
Let us denote by i3 : P3 × P3 → P9 the map ((x0 : x1 : x2 : x3), (y0 : y1 :
y2 : y3)) 7→ (x0y0 : x0y1 + x1y0 : x0y2 + x2y1 : x0y3 + x3y0 : x1y1 : x1y2 + x2y1 :
x1y3+x3y1 : x2y2 : x2y3+x3y2 : x3y3) which exhibits (P3)(2) as a subvariety of P9.
Proposition 7.10. The map ϕ|H
S[2]
| : S
[2] → P9 is a 22 : 1 cover of i3
((
P3
)(2))
⊂
P5 branched on the image of i3(B × B). It contracts the exceptional divisors, thus
it factorizes through S(2) inducing a 4 : 1 map S(2) →W (2) (cf. diagram (2)).
The map ϕ|HZ | : ZS → P
15 is a 2 : 1 map onto P1 × P1 × P1 × P1 ⊂ P3 × P3
embedded in P15 by the Segre embedding. The branch of ϕ|HZ | : ZS → P
1 × P1 ×
P1 × P1 ⊂ P15 is the image of B ×B by the Segre embedding. This map contracts
the exceptional divisors, thus it factorizes through (S × S)/(ιS × ιS) inducing the
2 : 1 map (S × S)/(ιS × ιS)→ (W ×W ) (cf. diagram (2)).
The map ϕ|HY | : YS → P
9 is a 2 : 1 map to (P3)(2), embedded in P9 by i3.
The branch locus is i3(B ×B).This map contracts the exceptional divisors, thus it
factorizes through (S×S)/〈ιS× ιS , σ〉 inducing the 2 : 1 map (S×S)/〈ιS× ιS , σ〉 →
W (2) (cf. diagram (2)).
The proof is analogous to the one of Proposition 7.8 and so we omit it. On the
other hand in this case some explicit equations can be written and these can be
used to describe some maps, associated to divisors which are not necessarily big
and nef.
The notation will be analogous to the one introduced above, where we substitute
H by l or m. We observe that l and m are not big divisors on S, thus lX , mX for
X = S × S,ZS , YS .S
[2] are not necessarily big divisors.
An equation for the surface S, which exhibits S as double cover of P1(x0:x1) ×
P1(x2:x3) is X
2 = f4,4((x0 : x1) : (x2 : x3)), where f4,4 is a homogeneous polynomials
of bidegree (4, 4) in P1× P1. Composing the map S → P1× P1 with the projection
of P1 × P1 on the first factor, we obtain a map S → P1(x0:x1), which is a genus 1
fibration. The fibers over a point (x0 : x1) is the genus one curve X
2 = f4,4((x0 :
x1) : (x2 : x3)). The map S → P1(x0:x1) coincides with the map ϕ|l2|. Similarly one
obtains another genus 1 fibration, projecting P1 × P1 on the second factor. Here
we describe some models and fibrations on S[2], ZS and YS induced by the maps
S → P1 × P1 and S → P1. In particular we will prove the following
Proposition 7.11. The hyperka¨hler 4-fold S[2] admits a Lagrangian fibration fS[2] =
ϕ|l
S[2]
| : S
[2] → P2 ≃ (P1)(2) whose generic fibers are the product of two non isoge-
nous elliptic curves.
The Calabi–Yau 4-fold ZS admits:
• a fibration ϕ|l1,Z | : ZS → P
1 whose generic fibers are Calabi–Yau 3-folds
which are the double cover of P1 × P1 × P1 branched along the union of 5
curves of tridegree (1, 0, 0),(1, 0, 0),(1, 0, 0),(1, 0, 0),(0, 4, 4);
• a fibration ϕ|l1,Z+m1,Z | : ZS → P
1 × P1 whose generic fibers are isomorphic
to S;
• a fibration fZ := ϕ|lZ | : ZS → P
1×P1 whose generic fibers are the Kummer
surfaces of the product of two non-isogenous elliptic curves;
• a fibration ϕ|lZ+m1,Z | : ZS → P
1 × P1 × P1 such that the generic fibers are
smooth irreducible curves of genus 1.
CALABI–YAU QUOTIENTS OF HYPERKA¨HLER FOUR-FOLDS 35
The Calabi–Yau 4-fold YS admits a fibrations fY := ϕ|lY | : YS → (P
1)(2) ≃ P2
whose fibers are the Kummer surfaces of the product of two non-isogenous elliptic
curves. The fibration fY is induced on YS both by fS[2] and by fZ .
Proof. The map ϕ|l
S[2]
| : S
2 → P2 ≃
(
P1
)(2)
gives Lagrangian fibrations on S[2]
whose fibers are the product of the fibers of ϕ|li| : S → P
1 of each factor in S × S.
We denote this fibration by fS[2] , following [46, Example 3.5]. The involution ιS[2]
acts on the fibers of ϕ|l
S[2]
| : S
2 → P2 ≃
(
P1
)(2)
preserving each fibers, so it acts
as an involution on each fiber. On the other hand we know that the fixed locus
of ι
[2]
S consists of two surfaces, one isomorphic to (FixιS(S))
[2] and one isomorphic
to P1 × P1. The surface (FixιS (S))
[2] intersects the fiber in 16 points and indeed
ι
[2]
S restricts to each fiber to the involution which sends each point of an Abelian
surface in its opposite. The surface isomorphic to P1 × P1 in the fixed locus of
ι
[2]
S maps to the singular locus of (P
1 × P1)(2) so it does not intersect the generic
fiber. Hence the fibration ϕ|li,S[2]| : S
2 → P2 ≃
(
P1
)(2)
induces on S[2]/ι
[2]
S a
fibration f : S[2]/ι
[2]
S → P
2 ≃
(
P1
)(2)
whose generic fibers are Kummer surfaces.
This fibration extends to a map fY : YS → P2 ≃
(
P1
)(2)
whose generic fibers are
Kummer surfaces. By construction the map fY is induced on Y by the divisor lY ,
since fS[2] is induced on S
[2] by the divisor lS[2] .
Let us now consider ZS . In order to describe the map in the statement we first
give an equation for the surface S, which exhibits S as double cover of P1(x0:x1) ×
P1(x2:x3):
X2 = f4,4((x0 : x1) : (x2 : x3)),
where f4,4 is a homogeneous polynomials of bidegree (4, 4) in P1 × P1. The second
copy of S in the product S × S is given by the equation Y 2 = f4,4((y0 : y1) : (y2 :
y3)), which exhibits it as double cover of P1 × P1.
The divisor lZ+mZ is HZ and we already observed that ϕ|HZ | : ZS → P
1×P1×
P1 × P1 ⊂ P15. It exhibits ZS as double cover of P1 × P1 × P1 × P1 branched along
a threefold of multidegree (4, 4, 4, 4) (by adjunction this is indeed a 4-fold with a
trivial canonical bundle). The involution ιS × ιS acts only on the coordinates X
and Y , changing the sign so we choose as invariant functions Z := XY , xi and yi,
i = 0, . . . , 4. The equation of ZS is then
(5) Z2 = f4,4((x0 : x1) : (x2 : x3))f4,4((y0 : y1) : (y2 : y3)).
If we project (5) to the first three copies of P1, one obtains a fibration ZS →
P1(x0:x1) × P
1
(x2:x3)
× P1(y0:y1) whose generic fibers are the genus 1 curves Z
2 =
kf4,4((y0 : y1) : (y2 : y3)), where yi are specific value for yi and k is a constant
which depends on the values of xi. This fibration is induced on ZS by the map
ϕ|lZ+m1,Z | : ZS → P
1 × P1 × P1.
If we project (5) to the first two copies of P1 one obtains a fibration ZS →
P1(x0:x1)× P
1
(x2:x3)
whose generic fibers are isomorphic to S (indeed they are double
covers of P1 × P1 branched along the curve of bidegree (4, 4) given by f4,4((y0 :
y1)(y2 : y3))). This fibration is induced on ZS by the map ϕ|l1,Z+m1,Z | : ZS →
P1 × P1. By definition, l1,Z +m1,Z = H1,Z .
If we project (5) to the first and to the third copy of P1, one obtains a fibration
fZ : ZS → P1(x0:x1) × P
1
(y0:y1)
whose generic fibers are K3 surfaces, not isomorphic
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to S. The fibers over a generic point ((x0 : x1) : (y0 : y1)), are the double covers
of P1(x2:x3) × P
1
(y2:y3)
branched along the curve of bidegree (4, 4) f4((x0 : x1) : (x2 :
x3))f4((y0 : y1) : (x2 : x3)). But this curve splits in the union of 8 curves, 4 of
bidegree (1, 0) and 4 of bidegree (0, 1). So the branch locus of this double cover is
singular in 16 points and thus the K3 surfaces obtained by blowing up these points
contain 16 disjoint rational curves. This suffices to conclude that each fiber of the
fibration fZ is a Kummer surface (see [38]). To be more precise, the generic fiber is
a K3 surface which contains 24 rational curves (the pull back of the eight curves in
the branch locus of the double cover of P1×P1 and the 16 curves which resolve the
singularities) which form a double Kummer configuration (see [42]). We conclude
that the generic fibers are Kummer surfaces of the product of two non isogenous
elliptic curves. The fibration fZ : ZS :→ P1(x0:x1)× P
1
(y0:y1)
is induced on ZS by the
map ϕ|lZ | : ZS → P
1 × P1. We observe that the map σZ acts on the basis of this
fibration, by switching the two copies of P1, and does not act on the fibers.
If we project (5) to the first copy of P1, one obtains a fibration ZS → P1(x0:x1)
whose generic fibers are Calabi–Yau 3-folds which are double covers of P1×P1×P1
branched along a curve of multidegree (4, 4, 4) which indeed splits into the union of
5 curves of multidegree (1, 0, 0),(1, 0, 0),(1, 0, 0),(1, 0, 0),(0, 4, 4) respectively. This
fibration is induced on ZS by the map ϕ|l1,Z | : ZS → P
1.
The map fY : ϕ|lY | : YS →
(
P1 × P1
)(2)
is the fibration induced both by ϕ
lS
[2] :
S[2] → P2 on the quotient S(2)/ι(2)S and by ϕ|lZ | : Z → P
1 × P1 on the quotient
ZS/σZ , by the definition of the divisors lY , lS[2] and lZ .
Generically the fiber of fY are the Kummer surfaces, obtained either as quotients
of the fibers of the fibration fZ : ZS → P1(x0:x1) × P
1
(y0:y1)
by the involution acting
on the fiber of the fibration as ((x0 : x1), (y0 : y1)) 7→ ((y0 : y1), (x0 : x1)) or as the
quotients of the fibers of the fibration fS[2] → P
2 by the involution acting on the
generic fiber, which is an Abelian surface, as the involution which sends each point
in its opposite. 
Remark 7.12. In Proposition 7.11 we considered some divisors in the set S :=
{lS[2] , l1,Z , lZ , l1,Z+m1,Z = H1,Z , lZ+m1,Z, lY }. All these divisors are associated to
fibrations defined on a variety and indeed they are not big, so one we can not use the
Kawamata–Viehweg vanishing theorem to compute h0(D) if D ∈ S. However by
Proposition 7.3 one can compute their χ(D) and one finds: χ(lS[2]) = 3; χ(l1,Z) = 2;
χ(l1,Z +m1,Z) = χ(H1,Z) = 4; χ(lZ) = 2; χ(lZ +m1,Z) = 8 χ(lY ) = 2. We observe
that the base of the fibration defined by the divisors D ∈ {lS[2] , l1,Z , l1,Z +m1,Z =
H1,Z , lZ+m1,Z} ⊂ S has the property that it is either the projective space Pχ(D)−1
or it is embedded in the projective space Pχ(D)−1 by the Segre embedding. So one
can expect that for these choices of D, χ(D) = h0(D). On the other hand this
seems surely false if D is either lZ or lY .
7.4. ιS is the elliptic involution on a generic elliptic fibration on the K3
surface S. In this case S has an elliptic fibration with 24 fibers of type I1 and
NS(S) ≃ U , ιS restricts to the elliptic involution on each fiber of the elliptic fibration
and W ≃ F4. Generically NS(S) is generated by the class of a fiber, F , and by the
class of the zero section, O, whose intersection properties are F 2 = 0, O2 = −2,
FO = 1. The divisor F is nef, and it is such that ϕ|F | : S → P
1 is the elliptic
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fibration, so F is not big. We will denote by Fp the fiber of f over the point p, i.e.
Fp ≃ f
−1(p) ⊂ S. The involution ιS fixes 2 curves, one is the rational curve O,
section of the fibration, the other is a trisection, branched with multiplicity 2 on
each singular fibers. It is denoted by C, it has genus 10 and its class in NS(S) is
6F + 3O. We will denote by H := 4F + 2O. The map ϕ : S → P5 is a 2 : 1 map
onto the image, which is a cone over a normal quartic rational curve.
Proposition 7.13. The map ϕ|F
S[2]
| : S
[2] → (P1)(2) ≃ P2 is a fibration whose
generic fibers are products of two (non isogenous) elliptic curves.
The map ϕ|FZ | : ZS → P
1 × P1 ⊂ P3 is a fibration whose generic fibers are
Kummer surfaces of the product of two (non isogeneous) elliptic curves.
The map ϕ|FY | : YS → (P
1)(2) ≃ P2 is a fibration whose generic fibers are
Kummer surfaces of the product of two (non isogeneous) elliptic curves.
The fibration ϕ|F1,Z | : ZS → P
1 is a fibration whose generic fiber is a Calabi–Yau
3-fold of Borcea–Voisin type.
Proof. The 4-fold S × S admits a fibration f × f : S × S → P1 × P1 whose
fiber over the point (p, q) is the product Fp × Fq and it coincides with the map
ϕ|F1,S×S+F2,S×S | : S × S → P
1 × P1. So the generic fiber of S × S → P1 × P1 is an
Abelian surface, which is the product of two elliptic curves (generically non isoge-
neous). The section of the fibration f defines a section of f × f , passing through
the zero of the Abelian surfaces. The involution ιS × ιS fixes this section and other
three surfaces, which are two 3-sections and one 9-section. The involution ιS × ιS
on A ≃ Ep × Eq acts sending each point in its inverse with respect to the group
law. The automorphism σ does not preserve the fibers of the fibration f × f : it
acts on the basis, switching the two copies of P1×P1 and sending the fiber Fp×Fq
to the fiber Fq × Fp. This allows to describe the fibrations induced by ϕ|FS×S| on
the quotients of S × S as follows: the hyperka¨hler fourfold S[2] naturally admits a
Lagrangian fibration f [2] : S[2] → P2, whose fibers are generically the product of the
corresponding fibers on the K3 surface S. Indeed, f × f is equivariant with respect
to the action of the exchange σ; hence, we get an induced fibration f (2) of S(2) over
(P1)(2) ∼= P2. The so-called natural Lagrangian fibration f [2] is the composition
f (2) ◦ βFix(σ), where βFix(σ) is the resolution S
[2] → S × S/σ and it coincides with
ϕ|F
S[2]
|. Let ∆S ⊂ S × S be the diagonal and let E∆S be the exceptional divisor
on S[2]. By [21, Theorem 1], f [2](E) is one-dimensional, so that the generic fiber
of f [2] does not intersect E and is isomorphic to the generic fiber of f (2), which is
the common image of Fp × Fq and of Fq × Fp, still isomorphic to Fp × Fq.
The automorphism ιS does not act on the basis of the fibration f : S → P1, so the
basis of the fibration induced by f×f on (S×S)/(ιS×ιS) is P1×P1. The fiber over
the generic point (p, q) ∈ P1×P1 of the fibration (S×S)/(ιS×ιS)→ P1×P1 are the
quotients of the Abelian surfaces Fp×Fq, fibers of f × f : S×S → P1×P1, by the
involution which sends each point in its inverse with respect to the group law. The
fibration (S×S)/(ιS×ιS)→ P1×P1 extends to a fibration ZS → P1×P1 whose fiber
over a generic point (p, q) is the Kummer surfaces Km(Fp × Fq) desingularizations
of the singular fibers of (S×S)/(ιS× ιS)→ P1×P1. By construction this fibration
is given by the map varphi|FZ | : ZS → P
1 × P1. The strict transform of O × O
is a section of the fibration and it meets the generic fiber in a rational curve. We
recall that a Kummer surface Km(A) contains 16 disjoint rational curves which are
in 1 : 1 correspondence with the 2-torsion points in A. The ”zero section” of the
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fibration ZS → P1 × P1 is the section which meets the smooth fibers (which are a
Kummer surfaces Km(Fp × Fq)) in the rational point which correspond to the 0 of
the Abelian surface Fp ×Fq. Similarly the strict transform of O×C (resp. C ×O,
C × C) meets the smooth fibers in 3 (resp. 3, 9) rational curves, corresponding to
other 3 (resp. 3,9) points of order 2 on Fp × Fq.
The automorphism σZ acts on the basis of this fibration ϕ|FZ | : ZS → P
1 × P1.
Outside of the diagonal of P1 × P1, σZ identifies two fibers (the fiber Km(Fp ×
Fq) with the fiber Km(Fq × Fp)). This identification sends the 2-torsion point of
Fp × Fq to the one of Fq × Fp. So on ZS/σZ we have a fibration whose generic
fibers are Kummer surfaces. In particular the map ϕ|FY | : S → (P
1)(2) ≃ P2
defines a fibration whose generic fibers are Kummer surfaces of the product of 2
non isogenous elliptic curves. We observe that the generic fibers of this fibration are
not isomorphic, but all of them are polarized with the same lattice. This fibration
has a section, induced by the section of the fibration ZS → P1 × P1.
The fibration F1,Z : ZS → P1τ exhibits ZS as a fibration in Calabi–Yau 3-folds
and the fiber over a generic point τ ∈ P1 is the Borcea-Voisin of S × Fτ , i.e. it is
the desingularization of (S × Fτ )/(ιS × ιFτ ), where ιFτ is the elliptic involution on
the elliptic curve Ft and it is the restriction of ιS to the fiber Fτ of the fibration
S → P1. This easily follows by our construction but can also be written explicitly
by using the equations of the fibrations. Let us write the equation of S → P1t as
y2 = x3 + a(τ)x + b(τ) (where a(τ) and b(τ) are polynomials of degree 8 and 12
respectively). Then the second copy of S in S × S has an equation of the type
v2 = u3+a(s)u+ b(s), which can be written as v2 = (u3+a(s : t)uz2+ b(s : t)z3)z.
This exhibits this second copy of S as double cover of the Hirzebruch surface F4
with variables (s : t : x : z) (cf. [12]). Since ιS × ιS changes the sign of y and v, the
functions Y := yv3, X := xv2, τ , t, s are invariant, so with these coordinates the
equations for (S × S)/(ιS × ιS) are
Y 2 = X3+a(τ)X
(
x3 + a(s : t)xz2 + b(s : t)z3
)2
z2+b(τ)
(
x3 + a(s : t)xz2 + b(s : t)z3
)3
z3.
For generic choices of τ = τ , this equation is the equation of the Borcea-Voisin
Calabi–Yau 3-folds given in [12, Section 4.4]. 
Remark 7.14. The fixed locus of ιS on S is given by O ∩ C and the class of
the fixed locus is O + 6F + 3O = 6F + 4O. This allows to compute χ(FZ) =
χ(F1,S×S + F2,S×S)/2 + hΣ,Z/16 = 2 + 2 = 4. The base of the fibration ϕ|FZ | :
ZS → P1 × P1 is embedded in Pχ(FZ)−1 by the Segre embedding. Similarly, one
computes χ(FY ) = 2+ 1 = 3 and χ(FS[2]) = 3 and χ(F1, Z), and one observes that
the bases of the fibrations ϕ|FY |, ϕ|FS2 | and ϕ|F1,Z | are again P
χ−1. This suggests
that χ is equal to h0 for all the divisors involved in Proposition 7.13.
Proposition 7.15. The map ϕ|H
S[2]
| : S
[2] →
(
P5
)(2)
⊂ P20 is a 4 : 1 map, where
the inclusion
(
P5
)(2)
⊂ P20 is given by
i5 : {(x0 : . . . : x5), (y0 : . . . y5)} 7→ (x0y0 : x0y1 + x1y0 : . . . : xiyj + xjyi : . . . x5y5),
with i < j.
The map ϕ|FZ | : ZS → P
5 × P5 ⊂ P35 is a 2 : 1 map and P5 × P5 ⊂ P35 is given
by the Segre embedding.
The map ϕ|FY | : YS → P
21 is a 2 : 1 map and the inclusion
(
P5
)(2)
⊂ P20 is
given by i5.
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The proof is analogous to the one of Proposition 7.8.
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8. Appendix: Hodge numbers of Calabi–Yau four-folds constructed
Here we collect the Hodge numbers of the Calabi–Yau four-folds constructed in
Sections 4 and 5.1. In Sections 4.3.1 and 4.3.3 we constructed Calabi–Yau four-folds
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with Hodge numbers:
h1,1 h2,1 h3,1 h2,2
9 8 5 75
6 4 4 68
5 3 4 66
and
h1,1 h2,1 h3,1 h2,2
2 0 65 312
respectively.
In Section 5.1 we constructed Calabi–Yau varieties YS starting from a K3 surface
S with a non symplectic involution ιS whose fixed locus contains N curves Ci such
that N ′ =
∑N
i=0 g(Ci). In the following table we list the Hodge numbers of YS in
terms of (N,N ′):
N N ′ h1,1 h2,1 h3,1 h2,2
0 0 12 0 10 132
1 0 14 0 9 136
1 1 13 1 10 134
1 2 12 2 12 136
1 3 11 3 15 142
1 4 10 4 19 152
1 5 9 5 24 166
1 6 8 6 30 184
1 7 7 7 37 206
1 8 6 8 45 232
1 9 5 9 54 262
1 10 4 10 64 296
2 0 17 0 8 144
2 1 16 2 9 140
2 2 15 4 11 140
2 3 14 6 14 144
2 4 13 8 18 152
2 5 12 10 23 164
2 6 11 12 29 180
2 7 10 14 36 200
2 8 9 16 44 224
2 9 8 18 53 252
2 10 7 20 63 284
3 0 21 0 7 156
3 1 20 3 8 150
3 2 19 6 10 148
3 3 18 9 13 150
3 4 17 12 17 156
3 5 16 15 22 166
3 6 15 18 28 180
3 7 14 21 35 198
4 0 26 0 6 172
4 1 25 4 7 164
N N ′ h1,1 h2,1 h3,1 h2,2
4 2 24 8 9 160
4 3 23 12 12 160
4 4 22 16 16 164
4 5 21 20 21 172
4 6 20 24 27 184
5 0 32 0 5 192
5 1 31 5 6 182
5 2 30 10 8 176
5 3 29 15 11 174
5 4 28 20 15 176
5 5 27 25 20 182
5 6 26 30 26 192
6 0 39 0 4 216
6 1 38 6 5 204
6 2 37 12 7 196
6 3 36 18 10 192
6 4 35 24 14 192
6 5 34 30 19 196
6 6 33 36 25 204
7 0 47 0 3 244
7 1 46 7 4 230
7 2 45 14 6 220
7 3 44 21 9 214
8 0 56 0 2 276
8 1 55 8 3 260
8 2 54 16 5 248
9 0 66 0 1 312
9 1 65 9 2 294
9 2 64 18 4 280
10 0 77 0 0 352
10 1 76 10 1 332
10 2 75 20 3 316
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One can directly check that there are no mirror pairs in the previous table,
except for the self-mirror Calabi–Yau YS associated to the values N
′ = N + 1 for
N = 1, . . . , 5.
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